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1 INTRODUCTION 



1 Introduction 

The WeierstraB formula describes conformal minimal immersions of a Riemann surface into 
the 3-dimensional Euclidean space in terms of a spinor in the kernel of the Dirac operator on 
the Riemann surface. Before the Dirac operators was invented, a local generalization of this 
formula, which is now called WeierstraB representation, was already known by Eisenhardt 
[Ei] . The global version describes a conformal immersion of a surface into the 3-dimensional 
Euclidean space again in terms of a spinor in the kernel of the Dirac operator with potential 
on the surface (Kon[ ITaTH ITa-2| IFr-2j . Pinkall and Pedit generalized this WeierstraB repre- 
sentation to immersion into 4-dimensional Euclidean space and invented the 'quaternionic 
function theory' [P-Pl IB-F-LTT1 IF-L-P-P] . From their point of view conformal immersion 
of Riemann surfaces into the 4-dimensional Euclidean space (identified with the quaternions) 
are essentially sections of holomorphic quaternionic line bundles. These holomorphic quater- 
nionic line bundles are build form an usual holomorphic complex line bundle on the Riemann 
surface together with a Hopf field. Due to an observation of Taimanov, the Willmore func- 
tional is equal to four times the integral over the square of the potential |Ta-lj . Our main 
subject is the investigation of these holomorphic quaternionic line bundles, whose Hopf fields 
are square integrable. The holomorphic sections of such quaternionic line bundles form the 
maximal domain of definition of the Willmore functional on the space of conformal mappings 
of a Riemann surface into HI ~ M 4 . In the second section we extend Cau dry's integral for- 
mula to these holomorphic section of quaternionic holomorphic line bundles. In the fourth 
section we show that the corresponding sections define sheaves, and that the Cech coho- 
mology groups of these sheaves obey the Riemann-Roch Theorem and Serre duality. In the 
fifth section extend those Backhand transformations to square integrable Hopf fields, which 
relate the infinitesimal quaternionic WeierstraB representation to the Kodaira embedding of 
'quaternionic function theory' [P-PJ. This yields in the sixth section a general proof of the 
Pliicker formula |F-L-P-P] for these holomorphic quaternionic line bundles with square in- 
tegrable Hopf fields. In the seventh section we show that any bounded sequence of square 
integrable Hopf fields has a convergent subsequence, and that the limit is again the Hopf 
field of a holomorphic quaternionic line bundle, but the holomorphic structure might have 
singularities. This is used in the last section to proof that the Willmore functional has on 
the space of all conformal immersions of a compact Riemann surface into the 3-dimensional 
and 4-dimensional Euclidean space a minimum. Moreover, even the restrictions of the Will- 
more functional to all conformal immersions into the 4-dimensional Euclidean space has a 
minimum, whose underlying holomorphic complex line bundle (compare |P-P| IF^L-P-Pj ) is 
fixed. The existence of a minimizer on the space of all immersions from a Riemann surface of 
prescribed genus into the n — dimensional Euclidean spaces was proven by Simon for genus 
one jSi-11 15T2] . and recently by Bauer and Kuwert for all finite genera |B-Kj . 

We identify the quaternions with all complex 2 x 2-matrices of the form ( ^ s ) • ^ 
we consider a C 2 -valued function ip = ( ^ ) on an open set Q C C as a quaternionic valued 



function j )■> then the operator if, defines a quaternionic holomorphic structure in 



the sense of |F-L-P-Pl Definition 2.1.] on the trivial quaternionic line bundle on Q endowed 
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with the complex structure of multiplication on the left with complex numbers C C Q. 

In particular, the action of \[—\ is given by left-multiplication with f v ^ T _^ = jV The 

corresponding holomorphic sections are defined as the elements of the kernel of this operator, 
which agrees with the elements of the kernel of the Dirac operator 

f U_ d\ f 1\ fd -U\ 
\-d UJ~ \-l OJ \U d J ' 

The corresponding Hopf field is equal to Q — —Udz. The space of holomorphic sections 
is invariant under right-multiplication with quaternions and therefore a quaternionic vector 
space. 

The holomorphic structure is an operator from the sections of a quaternionic line bundle 
into the space of sections of this quaternionic line bundle tensored with the line bundle of 
anti-holomorphic forms (~ O-k) |F-L-P-P| §2.2]. We represent the underlying holomorphic 
complex line bundle on a Riemann surface X as the trivial complex line bundles on all 
members of an open covering together with a cocycle in the corresponding multiplicative 
first Cech Cocomplex, which represents an element in -ff 1 (X, O*). We shall state how the 
holomorphic structure transforms under these cocycles and coordinate transformations z i— ► 
z' = z'(z). The multiplication with a non- vanishing function / acts on the spinors as ip i— > 

(^ofj'fp- Therefore this multiplicative cocycle acts on the holomorphic structure as 

(a -u\„(f o\(B -u\(f oy'M -m 
\u d)^{o f){u d){o f) -[ju d )■ 

The corresponding potential U and Hopf field Q transforms as U \— ► yU and Q \— > ~Q. The 
coordinate transformation z ^ z' = z'(z) acts on the holomorphic structure as 

(a -u\ ^ (& -u>\ = (% o V 1 (8 -u\ = ( & --§u\ 

Therefore the potentials transforms as U \— > U' = jpU and the corresponding Hopf field 
Q = —Udz = —U'dz' does not change. Summing up, for any holomorphic complex line 
bundle, which is represented by the trivial line bundles on all members of an open covering 
together with a cocycle in i? 1 (X, O*), this cocycle defines also cocycles for the corresponding 
spinors ip and potentials U. 

Quaternionic Weierstrafi Representation 1.1. W-Fl Theorem 4-3-] For any conformal 
immersion f : X — ► H of a Riemann surface X there exist two quaternionic holomorphic line 
bundles with two holomorphic sections ip and <j>, such that the derivative of f is given by 

'8 fM4t)(t t)- 
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2 LOCAL BEHAVIOUR OF HOLOMORPHIC SPINORS 



(u Tift 1 i 2 )=° i'% u r,)(t i 2 )=°- 

\U d J \if) 2 ipi J \-U dj \(f) 2 4>i J 

q.e.d. 

We remark that the product of the underlying complex line bundles has to be equal to 
the anti-canonical line bundle (i. e. the line bundle of anti-holomorphic forms) and that the 
potentials of both holomorphic structures are determined by each other. Immersion into M 3 
are obtained as immersion into the pure imaginary quaternions ~ M 3 . This is realized by the 
additional reality conditions U — U, df* = —df 

( fa & Y = ( o />i (ipi -V^Y = ( <h Mf o v^T\ 

\-h 4>i J ' Vv^T o J V^ 2 4>i J \ih & J ' \-h 4>i J Vv^T o J ■ 

2 Local behaviour of holomorphic spinors 

Dolbeault's Lemma |Gu-Rot Chapter I Section D 2. Lemma] implies that the operator l<c(0) 
with the integral kernel 

f(z-z')- 1 \ dz! A dzf 

V («-^)"V 27rv^T 

is a right inverse of the operator ( f 2 ) ■ Due to the Hardy-Littlewood-Sobolev theorem (StJ 
Chapter V. §1.2 Theorem 1] for all 1 < p < 2 and 2 < q < oo with - = ^ + | this is 
a bounded operator from U(C, H) into L 9 (C, EI). Moreover, the restriction ln(0) of lc(0) 
to a bounded open domain Q is a bounded operator from IP(Q, H) into EI). On the 

other hand Holder's inequality |R-S-I[ Theorem III. 1 (c)] implies that the multiplication 
operators with U G L 2 (Q) are bounded operators from L q (Q) into IP(£l). Hence the operator 
1 + ln(0) ( "(J 7 ) is a bounded operator on EI). For smooth U a spinor ip belongs to the 
kernel of if and only if 1 + 1^(0) ( ° maps if) into the kernel of (g g)- Due to 

Weyl's Lemma |R-S-II| Theorem IX. 25] all elements in the kernel of this differential operator 
are smooth functions. Consequently, for all U G Lj oc (f2) the kernel of is defined as 

all spinors if) G L q loc (Q, HI), which are mapped by 1 + ln(0) (^~q) into the kernel of (q a)- 
Finally, we remark that we may always cover Q by small sets Q' such that the von Neumann 
scries 

(i+«o>(° £))' 

converges as an operator on L q (Q',M), which maps the closed subspace of bounded elements 
in the kernel of ( q § ) onto the closed subspace of bounded elements in the kernel of (u~q)- 
Therefore the latter kernel is contained in f| W^(tt,U) C f) L\ oc (tt,U). 

1<P<2 q<oo 

Moreover, on small domains Q C C the operator 

ln(£0 = ln(0)(l+(° ~o^)'n( )) = ( 1 + l «(°)(£ ~o)) '"^ 
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is a right inverse of the operator If JCq(U, z, z') ^j-zi denotes the integral kernel of 

this operator \q(U), then we have 

(u ~g)^(U,z,z')^7r5(z-z')l (~| ^ JC^U, z' , z) ^ tt8(z - z')l. 

Here the differential operator and his transposed acts on the integral kernel as a function 
depending on z for fixed z'. If ip is an element of the kernel of "J 7 ) and an element of 

the kernel of (^Zo -a) J then a direct calculation shows 

d (Kn(U, z', z) ^ _° d ^j 4>(z)^ = 7i5(z - z')^{z)dz A dz 
d (^>{z) ^ _° d ^j Kq{U, z, z')^j = 7i5(z - z')(t>{z)dz A dz. 
This implies a quaternionic version of 

Cauchy's Integral Formula 2.1. All elements ip and <fi in the kernel of (^~g) and 
on a small open set fl obey the formula 



as long as the integration path surrounds z' one times in the anti-clockwise-order, respectively. 

Remark 2.2. At a first look it is not clear, whether the integral along the closed path is well 
defined. However, since on the complement of {z'} the corresponding one-forms are closed, 
we may extend the integration over the closed path to an integration over a cylinder around 
z' . More precisely, let f be a quaternionic smooth function with compact support in Q, which 
is equal to 1 on an open subset Q' with Q' C ft. Then we have the following equality of 
measurable functions on z' G 0! : 

W) = J df A JC n (U, z', z) _° _) j,(z) 

n 

In particular, for all square integrable Hopf fields (i. e. all potentials belong to r? Yoc ) 
the holomorphic sections of the corresponding holomorphic quaternionic line bundle define 
a sheaf on X. In the sequel we shall denote by Qd the sheaf of sections of a holomorphic 
quaternionic line bundle over the complex line bundle corresponding to Od- 



6 



2 LOCAL BEHAVIOUR OF HOLOMORPHIC SPINORS 



Lemma 2.3. For small potentials U G L 2 (Q) on a bounded domain Q there exists positive 
functions A,Be f] L q (Q) such that the integral kernels JCq(U, z, z') may be estimated by 

q<oo 

A{z)B{z>) 

\J<Ln{U,z,z)\ < — — . 

\z — z'\ 

1 1 1 

Proof. The equation — — — + — — — + — r = implies the 

(z - z')(z' - z") (z' - z"){z" - z) (z"-z)(z-z') 

estimate 

1 1 1 

i n r < i n r + i n r- 

\z — z'\ \z' — z"\ \z — z"\ \z" — z\ \z" — z\\z — z'\ 

Therefore the integral kernel of the operator Iq(0) ( ? r 'n(O) is bounded by -. : — , 

v u u / ix z \z — z'\ 

where Ti^z) is the convolution of the L 2 -function \U\ with the positive function — . Due to 

Young's inequality [R- S-IH Section IX. 4 Example 1] this function T belongs to f] L q (Q). 

q<oo 

An iterative application of this argument to all terms of the von Neumann series of \n{U) 

yields a bound of the integral kernel of the form - — 1 f . For small L 2 -norms of U 

i \ z ~ z '\ 

all L <? (fi)-norms of V^^j and are bounded. This completes the proof. q.e.d. 

I i 

The holomorphic sections of a holomorphic quaternionic line bundle are in general not 
continuous. Nevertheless they share many properties with the sheaves of holomorphic func- 
tions. In particular, they have the Strong unique continuation property, which is proven by 
a Carleman inequality (compare with |Caj and |Wot Proposition 1.3]). 

Carleman inequality 2.4. There exists some constant S p depending only on 1 < p < 2, 
such that for all n G Z and all ip G C^°(C \ {0}, HI) the following inequality holds: 

\\\z\- n ^<S p \\\z\^{ll)^\\ 

The literature [Til IKi-l[ \M&\ IKi-2j deals with the much more difficult higher-dimensional 
case and does not treat our case. David Jerison pointed out to the author, that the arguments 
of |Wol Proposition 2.6], where the analogous but weaker statement about the gradient term 
of the Laplace operator is treated, carry over to the Dirac operator. 

Proof. Dolbeault's Lemma |Gu-Rol Chapter I Section D 2. Lemma] implies for all smooth ip 
with compact support the equality 



*M= / ( ( "' r '(,-° r .)(n)^ 



dz' A dz' 

c 

In fact, the components of the difference of the left hand side minus the right hand side are 
holomorphic and anti-holomorphic functions on C, respectively, which vanish at z — oo. In 
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particular, the integrals L z n dipidz A dz and J" c z n dip 2 dz A dz with n G N are proportional 
to the Taylor coefficients of ip at oo, which vanish. Moreover, if the support of ip does not 
contain and therefore also a small neighbourhood of 0, then the integrals J c z~ n dip\dz A dz 
and j c z~ n dip2dz A dz with neN are proportional to the Taylor coefficients of ^ at 0, which 
in this case also vanish. These cancellations follow also from partial integration. We conclude 
that for all n G Z 







dz' A dz' 



In fact, for negative n the left hand side minus the left hand side of the foregoing formula 
is equal to the Taylor polynomial of ip at oo up to order \n\, and for positive n equal to 
the Taylor polynomial of tp at up to order n — 1. Finally, the Hardy-Littlewood-Sobolev 
theorem [StJ Chapter V. §1.2 Theorem 1] implies that the operator with integral kernel 



\z\z> 







f ^ 

U I \z\z> 



dz' A dz' 



2p 



from ZP(C, H) into L 2 -p (C, H) is bounded by some constant S p not depending on n, and maps 
\z\~ n (d^) ip onto \z\~ n ip. q.e.d. 

Due to a standard argument (e. g. (Sol Proof of Theorem 5.1.4] and IWol Section Carleman 
Method]) this Carleman inequality implies the 

Strong unique continuation property 2.5. Let U be a potential in L 2 loc (Q) on an open 
connected set 09(lcC and tp G W^iVl, HI) an element of the kernel of ( ^ ~jj ) on Vl with 

2p 

1 < p < 2. If the L 2 -p -norm of the restriction of ip to the balls B(0,e) converges in the limit 
e I faster to zero than any power of e: 



( 



\B(0, £ ) 

then ip vanishes identically on Q. 



\ 2p 



2p 



1 2 -p d x 



< Q(e n ) Vn G N, 



Proof. The question is local so we may assume that U is an element of L 2 rather than L 2 loc . 
We fix e small enough that H^H^^ 2e )) — V (2Sp) for all z, where S p is the constant of the 
Carleman inequality. Let G C°° be 1 on B(0, e) and on C\B(0, 2e). A limiting argument 
using the infinite order vanishing of i[) and the equality ( § ^ ) ip = ( 
proof of the Carleman inequality is also true for So 



°u o ) ^ snows that the 



_2p_ 

2-p 



kr n (^)^ll P <5 P ||N->(^)^|| p + 5 P |||,| 



8 



2 LOCAL BEHAVIOUR OF HOLOMORPHIC SPINORS 



Here E (for error) = fj^fafo) * s an ^ function supported in {x \ e < |z| < 2e}. Using the 
equality (q a) "0 — (-°c/ o ) ^ an( ^ H°ld ers inequality |R-S~H Theorem III. 1 (c)] yields 



2p 

2-p 



— Sp II^IIl 2 (_b(o,2£)) II \ z \ n< M } \\ 2 2 P + Sp || \A n -^| 

By the choice of e the first term can be absorbed into a factor 2 

ll^r n 0^iu < iikr n ^n . 

2-p P 

Now comes the crucial observation: E is supported in {z \ e < \z\ < 2e}, so 
jp_ < 2S p e- n \\E\\ p and 



2-p 



<2S p \\E\\ p 

_2p_ 
2-P 



Using the limit n — > oo we conclude that 0^ vanishes on -8(0, e), and therefore also ip- 111 
other words, the set {z \ ip vanishes to infinite order at z} is open, and in fact contains a ball 
of fixed radius e centered at any of its points. So this set must be all of Q and the proof is 
complete. q.e.d. 

The definition of the order of a zero extends from the complex case to the quaternionic 
case. 

Order of zeroes 2.6. The order of a zero ofip in the kernel of ( ^ ~^ ) on an open neighbour- 
hood OeQcC at z = is defined as the largest integer m, such that (q?) - ™^ G L\ oc (Q, H) 

with 2 < q < oo belongs to the kernel of I ✓ * m Q I. .Due to the Strong unique 

continuation property \2. 51 this number is finite and denoted by ord^. 

On small open domains Q with small L 2 -norms of the potential U the elements of the 
kernel of ( ® ~¥ ) are small perturbations of the elements of the kernel of ( q a ) ■ We conclude 
that the quotient of the space of holomorphic spinors divided by the subspace of holomorphic 
spinors vanishing at zq is a one-dimensional quaternionic vector space. Hence all holomorphic 
spinors are non-vanishing sections of another holomorphic quaternionic line bundle. More- 
over, the zeroes of such ip are isolated. Furthermore, the divisor of an holomorphic section 
of a holomorphic quaternionic line bundle is well defined. Furthermore, for any divisor D 
and any sheaf Qd of holomorphic sections of a holomorphic quaternionic line bundle those 
holomorphic sections, whose divisors are larger than —D, define the sheaf of holomorphic 
sections of another holomorphic quaternionic line bundle, which is denoted by Qd- In partic- 
ular, any holomorphic section of a holomorphic quaternionic line bundle is the non-vanishing 
holomorphic section of another holomorphic quaternionic line bundle. 

For an effective divisor D (i. e. D > 0) the quotient sheaf Qd/Q has the same support 
as the divisor D. For the divisor of the function z h z 1 on 9 O C C this quotient is 
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isomorphic to the codimension of the image of the operator 




considered as an operator on the kernel of the free Dirac operator. For small Q with small 
L 2 (f2)-norms of U, this operator is a small perturbation of (j?) 1 . This proves 

Lemma 2.7. For any pair of divisors D' > D on a Riemann surface X and any sheaf Qd of 
holomorphic sections of a holomorphic quaternionic line bundle the quaternionic dimension 
ofH° (X, Q D ,/Q D ) is equal to deg(£>' - D) and H 1 (X, Qd' /Qd) is trivial. q.e.d. 



3 Spectral theory of Dirac operators 

The holomorphic structures of quaternionic line bundles may be described by first order 
differential operators similar to Dirac operators. In this section we develop in six steps 
the spectral theory of Dirac operators on compact Riemann surfaces. Due to the Sobolev 
Embedding [Ad, 5.4 Theorem], these Dirac operators are for all 1 < p < 2 bounded operators 
from the Sobolev spaces of W 1,p -spinors into the ZP-spinors. Furthermore, their resolvents 
turn out to be bounded operators from the Z?-spinors onto the jy^-spinors. Hence we shall 
define the domains of these Dirac operators, considered as unbounded closed operators on 
the Hilbert space of L 2 -spinors, as the images in the W^ 1,p -spinors of the L 2 -spinors under 
the resolvents. The corresponding closed unbounded operators are defined as the restrictions 
of the Dirac operators from the W^-spinors into the Z?-spinors. 

1. Uniformization of compact Riemann surfaces. We choose a holomorphic complex 
line bundle, which is a square root of the canonical bundle. The corresponding holomorphic 
structures are given by Dirac operators with potentials. In order to develop the spectral the- 
ory of these Dirac operators we represent the compact Riemann surfaces of genus larger than 
one as quotients O/T of the hyperbolic disk D modulo a Fuchsian group and elliptic curves 
as quotients C/A of C modulo a lattice A |F-K[ Chapter IV.5.]. The corresponding group 
action has a fundamental domain denoted by A |F-Kt Chapter IV.9.]. The corresponding 
spin bundle is an induced bundle of an representation of T and A, respectively. Therefore 
we shall consider the Dirac operators and their resolvents on the Riemann sphere P with the 
elliptic metric r^^kz, on the complex plane C with flat metric dzdz and on the hyperbolic 

disk D with hyperbolic metric j0r^2- The corresponding Dirac operators are of the form 
jFMl Chapter 3.4.] 

(1 + zz)d\ (0 9\ / (1 - zz)d\ 

2. Green's functions. We shall calculate the integral kernels of the corresponding resol- 
vents, which are the inverse of the operators 
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3 SPECTRAL THEORY OF DIRAC OPERATORS 



The composition of these operators with the operators 



1A (l + zz)d\ fV^TX d \ . ( v^TA (l-zz)d 
1 1 ' and 1 



and 



-(l + zz)d V^IX J ' V -9 V^lAy/ \-(l-zz)d V^IX 

are equal to the operators 

-A 2 + (1 + zzfdd + (1 + zz)zd 

-A 2 + (1 + zzfdd + (1 + zz)d y 

'-A 2 + dd 

-A 2 + dd y 

-A 2 + (1 - zzfdd - (1 - zz)zd 

-X 2 + {1- zzfdd -{l-zz)zdj ' 

On functions, which depend only on r = \z\ these operators act as diagonal matrices, whose 
entries are the operators 

1 + r 2 \ 2 / d 2 1 d \ 1 + r 2 d 



dr 2 ^ r dr) ^ 2 'dr 1 



-A 2 + - (— + -—'] and 

4 \dr 2 r dr J 

l-r 2 \ 2 ( d 2 1 d \ 1-r 2 (/ 



" A2+ l^2-J ^ + r^J-^2- r ^' reSpeCtiVely - 

the substitutions r = tan(y/2), r = y/2 and r = tanh(y/2) transforms these operators into 

,n d 2 Id , 9 d 2 Id , o <i 2 1 d 

-A + — + . ; . — , —A + — — H -and -A 2 + — + 



dy 2 sin(y) dy' dy 2 y dy dy 2 sinh(y) dy 

We remark that in all three cases y is twice the distance from the origin. They define self- 
adjoint operators on the Hilbert spaces corresponding to the measure spaces 

irsm(y)dy irydy Ttsmh(y)dy 

on y e 0,tt , — — on y G 0,oo), on y £ 0,oo). 

cos(?/) + 1 2 cosh(y) + 1 

Let Gw,x, Qc,x and £d,a denote the corresponding Green's functions, i. e. the applications 
of the three operators above on these functions yields the 5-function with respect to the 
corresponding measures (which are equal to the usual two-dimensional 5-function on the 
complex plane). Due to [StJ Chapter V. §3.1 and §6.5] and |G-J[ Section 7.2] the second 
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function Qcx is for ?/ > given by 



. . exp (— 7r^/— lyki) 
QcM =11 X 2 + n 2 (k 2 + k 2 ) dhdh 




-oo — oo 
oo oo 



exp (-^-L\\\yki) 

dk x dk 2 



-oo — oo 



7T 2 (1 + k\ + k\ 

exp (-\X\yVTTW) 



2 f exp(-\X\yx) 



dk 



-oo 

oo 



vr J Vx 2 - 1 
l 

oo 

2 /" exp (— x) 



7T J Jx 2 - A V 

1% 



da; 



This implies that this function Qc,x has the following properties 

(i) < — Gc,x{y) < 0(l)exp ((e: — \X\)y) with an appropriate e > and large \\\y. 

(ii) < Q' c x (y) < O(l) exp ((e — \X\)y) with an appropriate e > and large \X\y. 

(iii) < -g c ,x(y) < —H\X\y) + O(l) for small y. 

IX 

2 1 

(iv) < Q' c x(y) < — + O(l) for small y. 

ixy 

The first and the third operator may be transformed into the operators 

cos- (V) (x* - i - * cos (?) = A 2 - 4^ - ^44^ + Sin2 (l) 



-i 



2/ \ cfa/ 2 sin(y) dy J \2/ cfa/ 2 sin(y) dy 4cos 2 (|) 

d 2 1 d\ /j/n 2 d 2 cosh(y) d cosh 2 (|) + 1 



cosh" 1 - A - ---r cosh - = A 2 - 



dy 2 sinh(y) dy J \2/ cfo/ 2 sinh(y) dy 4 cosh 2 (|) 

Let Gf,\i and Q® t \ denote the Green's functions of the operators 

, 9 d 2 cos(w) d , 9 <i 2 cosh(v) (i 

-A 2 + — + ^4^f^- and -A 2 + — + 



dy 2 sin(y) % dy 2 sinh(?/) (iy 

^ nsin(y)dy r 1 7rsinh(j/)dy 
on the measure spaces with y e [U, 7rJ and with y e |0,ooj. lhey 

describe the Laplace operators acting on functions |Cha| Chapter VII §5.]. The corresponding 
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3 SPECTRAL THEORY OF DIRAC OPERATORS 



Green's functions have representations analogous to the representation of Qc t \ (compare 

|Da| Chapter 5]). In fact, the substitution x = — cos(y) transforms the former operator 

d 2 d ——. 

into —A 2 + (1 — x 2 )-— — 2x— , whose eigenfunctions are the Legendre polynomials [Bat, 
dx dx 

§10.10.]. We apply a variant of Mehlers integral [Batl §10.10. (43)]: 



P n (-cos(y)) 



7v—y 

1 f exp (V-L(n + \)x) dx 
P n (cos(7r — y)) = — / 

71 J a/2 cos(x) — 2 cos(7r — y) 

y-n 

2-K-y 



1 f exp (y/^l(n + i) (tt — x)) dx 
n J a/2 cos(7r — x) — 2 cos(7r — y) 



exp (y/—\(n + |)(vr — x)) dx f exp (a/— l(n + |)(vr — x)) dx 



y 

2(-l 



vta/2 cos(y) — 2 cos(x) 
sin ((n + \){x)) dx 



vta/2 cos(y) — 2 cos(x) 



7T 7 a/2cOs(?/) -2 



COS X 



Hence we obtain (compare [Batl §10.10. (2), (4) and (18)]) 



2 °° (— l) n (n + - 

\^S y) = --E p "(- co ^)) A2+(n+ i 2 )2 

n=0 v ^' 



TT 2 ./ ^ 



1 



sin ((n + |)x) 



n=0 



A 



l(n+|) A + y/-[(n +\) y/2 cos(y) - 2 cos(x) 



1 f v exp (a/— lnx) exp (a/— lnx) <ix 
vr 2 ./ ^ A-a/^T"- A + a/^T^ a/2 cos(y) - 2 cos(x) 



2tt 



cosh (A(7r — x)) dx 



"~ ./ cosh(A7r)A/2 cos(y) — 2cos(x) 



y 

\X\ir 



cosh (|A|7T — x) dx 



tt 7 cosh(A7r)|A|A/2cos(?/) - 2cos(|) 
Wv 
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On the other hand, the heat kernel of the hyperbolic plane yields the following representation 

oooo ft T 2 \ 9 j_ , t\ 

I f f xexp^{-^-\ 2 t + {) ^ ^ 

y 

oo 

exp(— |A|x) 

dx 



dx. 



7T J a/2 cosh(x) - 2 cosh(y) 

y 

oo 

2 r exp (— x) 

'tt J |A| v /2cosh(f) -2cosh(?/) : 
I 



We conclude that the Green's functions Gw,x, and Go,x have also the properties (i)-(iv). Due 
to |Da[ Chapter 1.3 and Chapter 1.8] the resolvents of the Laplace operators on the three 
simply connected Riemann surfaces P,C and D are positivity preserving. Moreover, if Ho is 
an elliptic second order differential operator and V a non-negative potential, the difference 
of the resolvents 

(A 2 + Ho)" 1 - (A 2 + Ho + V)- 1 = (A 2 + Ho)" 1 V (A 2 + H + V)~ l 

is positivity preserving. Moreover, if in addition — (A 2 + H ) 1 is positivity preserving, 
then also the difference 

i (A 2 + Ho + V)- 1 - £ (A 2 + Ho)" 1 = -£ (A 2 + Ho)" 1 V (A 2 + H + V)- 
is positivity preserving. Hence we may estimate the positive Green's functions 

< -Gw,x{y) < -G^^i{y) < G^ x (y) < Q'^^fo) 

o < -QdM < -§j> >vm (v) o < g^ x (y) < G' 0jV ^(v) 

This proves 

Lemma 3.1. The Green's functions Gp,X; Gn,x one? Go,x have the properties 

(i) < —G-,x{y) < O(i) exp ((e — |A|)y) with an appropriate e > and /aroe |A|y. 

(ii) < G' \(y) — O(l) ex P (( £ ~ \M)y) w ^ an appropriate e > and large \X\y. 

2 

(iii) < -G. x(y) < ln(| A|y) + O(l) for small y. 

2 1 

(iv) < G'x(y) < + O(l) for small y. q.e.d. 

iry 
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3 SPECTRAL THEORY OF DIRAC OPERATORS 



3. Integral kernels of the resolvents of Dirac operators on simply connected 
Riemann surfaces. The free Dirac operator on C is translation invariant. Moreover, the 
free Dirac operators on P and O are invariant under group actions of the subgroups SU (2) and 
SU(1, 1) of the Mobius group, respectively. More precisely, for ( a c b d ) G SU(2) and SU(1, 1) 
the transformation 

z = aZ — ^ implies & = (cz + d) 2 d, d' = (cz + d) 2 d, 1 ± z'z = , - — ^— and 

cz + d v ' v ' \cz + d\ 2 



v^TA 

;i ± z'z')& 



[l±z'z')& 
' v^TA 



cz + d 
cz + d 



v / ^TA_ 
1 ± zz)d 



(l±zz)d 



cz + d 




x 

cz + d. 



' v^A (l + z'z')^ 
-{l±z'z')& v^A 

/ cz + d 






cz + d 



v^A (1 ± zz)d 
-{l±zz)d v^TA 



cz + d 
cz + d 



respectively. Therefore the spin bundle of the compact Riemann surface P is the trivial C 2 - 
bundle on the two members of the covering P = {z G C} U {z' G C} with the transformation 
z' = —1/z and the transition matrix (q ?), which transforms the spinors on {z G C} into 
the spinors on {z' G C}. The spin bundles of C and D are the trivial C 2 -bundles over 
these non-compact Riemann surfaces. The translation invariance of the free Dirac operator 

on C implies that the resolvent Rc(0, 0, y 7 — 1A) = (^ y ^ X v ^ta) ^ as ^ ae m ^ e S ra l kernel 
K c ^{z,z')^M. with 



K, c ,\{z,z') 



1A 
-8 



d 

^TA 



Gc,\{2\z 








g C:X (2\z - z'\) I 2 J-[ 



dz' A dz' 



On P and D we use the invariance under SU(2) and 577(1, 1). The transformed coordinate 
under the Mobius transformation ~* ) /-\/T± z'z' G SU(2) and SU(1, 1) vanishes at z' G 



P and D, respectively. Therefore the integral kernels of the resolvents 
on P and D have the integral kernels )Cp t \(z, z') 2 and /Cd,a(<2, 



-(i±zz)a 

(l±zz)d v^TA 

» with 



2 v / ^T(l-z'2 / ) 2 



-1 



/Clf 



.AU) 2 ) = 



fcj$,\(z, z' 



v^TA (1 + zz)d 

-(l + zz)d v^TA 

v^TA (1 - zz)d 
-(l-zz)d 



l+z'z 
1+zz 



tGf,\ (2d ¥ (z,z')) 




l+z'z 
1+zz 



l T g ¥ , x (2d ¥ (z,z')) 



-1A 



T^§tGb,x (2d D (z,z')) 








1-z'z 



1 — 22 



tGo,x (2d n (z,z')) / 
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Here dp(z, z') and du$(z, z') denote the distance between z and z' with respect to the invariant 
metrics n^§p on P and D, respectively. 

4. Integral kernels of the resolvents of Dirac operators on compact Riemann 
surfaces. A spin bundle of the elliptic Riemann surface C/A is the trivial C 2 bundle. 
Finally, a spin bundle of the hyperbolic compact Riemann surface D/r is the induced bundle 
of the discrete Fuchsian subgroup T C SU(1, 1) of the following action on the sections of the 
trivial spin bundle on D: 

\ J acts on spinors as ib \— > ib' with ib'(z) = ( ° _ ° Z _ ^ ) ib ( ) . 

\c dj v/ \ a-czj r \a-czj 

Consequently, the resolvent R<c/a(0, 0, 1A) = ( v/ ^ A v /z-x A ) °f the free Dirac operator 
on C/A has the integral kernel 

E„ , , . dz' A cfe' 
lCc,x{z,z +7) - 

with z, G A. Due to property (i) of Lemma fa . 1 1 these sum converges for all non-vanishing 

real A. Analogously, the resolvent R]o/ r (0,0, y/— 1A) = f^^T^g ^~Ta 9 ) °^ ^ e ^ ree Dirac 
operator on D/r has the integral kernel 

E / dz' — c\ fa — cz' \ dz' Adz' 



a — cr 



a - czV 2 v / ^IYl - z'z') 2 



5. Banach spaces of spinors The Z?-spinors on C belong to IF(C,M). Moreover, on P 
and D the i?-spinors have finite norms 



i .j. 
,dz Adz \ ,, „,, / /" , „. . ^j>_^ ^-2 A cfe 



i/ W |p(i + «)(M^ ii/ii = | /( ,)r ( i-^)(i- 2 ). 



2V-1 

which are invariant under the actions of SU(2) and SU(1, 1). Moreover, the Z?-spinors on 
C/A are defined as sections of the spin bundle on C/A, with finite norm 




Finally, the ZP-spinors on D/r are defined as section of the spin bundle on D/r, with finite 
norm 



i /-id/1 -\£ dz A 



-1(1 -zz 



r\2 
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3 SPECTRAL THEORY OF DIRAC OPERATORS 



Let Rp(V, W, A) and Rb(V, W, A) denote the resolvents 



-i 



\-V _ -(l + zz)d\ ( \-V _ -(l-zz)d 

l + zz)d \-W J \(l-zz)d \-W 

considered as operators from the i7-spinors into the L 9 -spinors. The corresponding free 
resolvents Rp(0, 0, y 7 — 1A) and Ru(0, 0, y 7 — 1A) have the integral kernels 



. .. dz Adz ... dz Adz 

/Cw,x{z,z) — — — /Cd,a(«,«; 



2^-1(1 + z'z') 2 2V-1(1 ~^) 2 

Analogously let Rc/a(V, W, A) and Ru/rCK Wj A) denote the resolvents of Dirac operators on 
with potentials V and W on the compact Riemann surfaces C/A and D/T. Therefore for 
all compact Riemann surfaces X = P, C/A, O/T the resolvents of the Dirac operators with 
potentials V and IV are equal to 

R X (V,W,V=1X) = (l-Rx(0,0,v /z lA)^ r x (o ) o,V=Ta) 

= R x (0,0,y^lA) (V (X ^R X (0,0,V=1A) 

6. The resolvents of Dirac operators with L 2 — potentials on compact Riemann 
surfaces. 

Theorem 3.2. For all 1 < p, q < oo with - < - + \, there exists a constant C p > 0, with 
the following property: For all compact Riemann surfaces X and all e > there exists a 
5 > such that for all real A G (—oo, —5) U (5, oo) the mapping (V, W) \— > Rx(V, TV, a/^1A) 
is holomorphic and weakly continuous from the weakly compact space of all potentials, whose 
restrictions to all e -balls ofX (with respect to the elliptic, flat or hyperbolic metric) have L?- 
norm not greater than C p (with respect to the induced measure), into the compact operators 
from the IP -spinors into the L q -spinors. 

_ _i _ _ i 

Proof. Due to (SB Chapter V. §.3.4 Lemma 3.] the operators d (l — dd) 2 and d (l — 3d) 2 
are bounded operators on 17(C) with 1 < p < 2. Therefore any function / e ZP(C) with 
either 9/ G 17(C) or df G 17(C) belongs to the Sobolev space W l ' p (C) [St, Chapter V. 
§.3.4 Theorem 3.]. Since C and D are homogeneous spaces, they obey the assumptions of 
the Sobolev Embedding |Aut Theorem 2.21] on Riemannian manifolds. We conclude that 
for all 1 < p < 2 the resolvent Rx(0, 0, y— I) considered as an operator from the space of 

2p 

i7-spinors into the space of L 2 -p -spinors are bounded. Moreover, due to Lemma 13. II there 
exists a constant C p > S" 1 such that ||Rx(0, 0, y 7 — 1A)|| < S p for all A G (— oo, —1) U (1, oo). 
Now we decompose this resolvent into the sum 



R X (0, 0, V-1A) = R X , E '-ncar(0, 0, V-IA) + R X , £ '-di S tant (0, 0, V-1A), 

whose integral kernel either vanish or are equal to the integral kernel of Rx(0, 0, y 7 — 1A), 
in cases that z and z' have distance larger than e or smaller than e and vice versa, re- 
spectively. Obviously the norm of the first term is smaller than S p . If the potentials V 
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and W belong to the set described in the Lemma, the operator ( q wO Rx, £ '-near(0, 0, 1A) 
has for small e' norm smaller than ( j°l^(B( + ^ 1 • 111 fact, for all i 6 X the restric- 
tion of Rx,e'-near(0, 0, >/— 1A)"0 to B(x,e) is smaller than the norm of the restriction of t/> to 
B(x,e + e')). Since X is either the homogeneous space P or a quotient of the homogeneous 
spaces C or D by a discrete group, for all small e and all i?-functions on X, the Z?-norm of 
the function 

X l-> ||/ |b(x^)|| p 

is equal to vol? (-8(0, e)) times the IP-norm \\f\\ p of /. We conclude that for small e' the 
operator ( ^ ^ ) Rx,£'-near(0, 0, a/— 1A) has norm smaller than 1. Due to Lemma I3~T1 (ii). in the 
limit | A| — > oo the norm of the second term converge to zero lim || Rx,e'-distant(0, 0, \/— 1A) || = 

|A|^oo 

0. Hence there exists a 5 > 0, such that the operator ( q ^ ) Rx(0, 0, a/^1A) on the Z?-spinors 
has for all A G (—oo, —5) U (5, oo) norm smaller than 1. Consequently the von Neumann 
series 

oo 

r x (v, w; v^Ta) = £ r x (v, w; v^lA) (( v & ) R x (0, 0, v^TA))' 

1=0 

converges to a holomorphic function with values in the operators form the ZP-spinors into 
the L 2 -p-spinors. Moreover, due to Kondrakov's Theorem |Aut Theorem 2.34] the resol- 
vent Rx(0, 0, a/— 1A) considered as an operator from the ZP-spinors into the L 9 -spinors with 
1 < Q < ^zr p is compact. Due to |L~ H Theorem II. 5. 11], all Banach spaces of L 9 -spinors have 
a Schauder basis. Consequently they have the approximation property, and all compact op- 
erators into one of these Banach spaces of Z^-spinors are norm-limits of finite rank operators 
(compare |L-T|. Section I.l.a]). Hence all terms in the von Neumann series are norm-limits of 
weakly continuous functions from the set described in the Lemma into the compact operators 
from the ZP-spinors into the 13 spinors. Since this set is weakly compact, the uniform limit 
of weakly continuous functions is again a weakly continuous function |R-S-1| Theorem IV. 8]. 
q.e.d. 

We shall explain the relation of these Dirac operators and holomorphic structures. In 
the introduction we mentioned already, that Dirac operators on C are the composition of 
holomorphic structures with an invertible operator 

f U d\ _ / o fv fQ -u\ 
\-d UJ ~ \-l OJ \U d J ' 

The Dirac operator on P and D with potentials (1 ± zz)U and (1 ± zz)U are equal to 

f(l±zz)U (l±zz)d\_ (1 ,- ) (0 1\(8 -U\ 
\-(l±zz)d (l±zz)UJ~ { Z> \-1 0J \U 8 J' 

Hence these Dirac operators are also compositions of holomorphic structures with invertible 
operators. We remark that the L 2 -norms of the potentials (1 ± zz)U with respect to the 
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4 THE RIEMANN-ROCH THEOREM 



induced measures 2 ^=T(i±zz )2 coincides with the integrals over j^rfQ A Q with the corre- 
sponding Hopf fields Q = —Udz. 

Finally let us deduce a simple criterion for a bounded sequence of square integrable 
Hopf fields on a compact Riemann surface X, whether they contain subsequences in the 
sets of the form described in Theorem 13.21 or not. Due to the Banach-Alaoglu theorem 
[R-S-IJ Theorem IV.21] and the Riesz Representation theorem |Rol Chapter 13 Section 5] 
any bounded sequence (Q n ) ne ^ of square integrable Hopf fields has a subsequence, with the 
property that the corresponding sequence of measures 2 J_ 1 Qn A Q n converge weakly to a 
finite Baire measure on X. This subsequence is contained in a set of the form described in 
Theorem 13 .2^ if the limit of the measure does not contain point measures of mass larger or 
equal to the constant S~ 2 . In fact, if the weak limit of the measures does not contain point 
measures of mass larger or equal to S~ 2 , we may cover X by open sets, whose measures 
with respect to the limit of the measures is smaller than S~ 2 . Due to the compactness of 
X this open covering has a finite subcovering. For any finite open covering, the function 
on X, which associates to each x the radius of the maximal open disk around x, which is 
entirely contained in one member of the covering, is continuous. We exclude the trivial case, 
where one member of the covering contains the whole of X and therefore all disks. So this 
function is the maximum of the distances of the corresponding point to all complements 
of the members of the covering. Therefore, there exists a small e > 0, such that all disks 
with radius 2e are contained in one member of the finite subcovering. Obviously, for any 
member of the subcovering there exists a continuous [0, l]-valued function, whose support 
is contained in this member of the subcovering, and which is equal to 1 on those disks 
B(x,e), whose extensions B(x,2e) are contained in this member of the subcovering. Since 
the sequence of measures converges weakly, the integrals of these functions with respect to the 
measures 2 J_ 1 Q n ( x ) A Q n (%) corresponding to the sequence are also smaller than S~ 2 , with 
the exception of finitely many elements of the sequence. This shows that with the exception 
of finitely many elements of the sequence, the Z?-norms of the restrictions of Q n to all £-balls 
are smaller than some C v < S' 1 . 

Lemma 3.3. // a weak limit of the sequence of finite Baire measures 2 Jzp[ Qn ^ Qnd 2 x on 
the compact Riemann surface X does not contain point measures with mass larger or equal 
to Sp 2 , then there exists a C p < S' 1 , an e > and a subsequence of the bounded sequence 
Q n of square integrable Hopf fields, whose L 2 -norms of the restrictions of Q n to all e -balls is 
smaller than C p . q.e.d. 

4 The Riemann— Roch Theorem 

In this section we shall prove that all holomorphic quaternionic line bundles with square 
integrable Hopf fields obey Serre Duality and the Riemann-Roch Theorem. In general, the 
holomorphic sections of a holomorphic quaternionic line bundle with square integrable Hopf 
field are not continuous. Therefore we cannot use a non-trivial meromorphic section in order 
to determine the Chern class of the bundle (compare |F-L-P-Pl §2.3]). Hence we use sheaf 
theory. 
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Let U be a potential in L\ oc {Vl) over an open subset SJcC. For all 1 < p < 2 the operator 

(g -u) defines a linear operator from H) onto I^ oc (f2,H). Due to St, Chapter V. 

- _i - - _i 

§.3.4 Lemma 3.] the operators d (l — dd) 2 and d (l — dd) 2 are bounded operators on 

17(C) with 1 < p < 2. Therefore the operator ( g) defines an isomorphism from W 1,p (fl, H) 

onto ZP(f2, H). For any holomorphic quaternionic line bundle on a Riemann surface X, whose 

holomorphic complex line bundle corresponds to Od, let Qd denote the sheaf of holomorphic 

sections, and W]f the corresponding sheaf of Wj^f-sections. Moreover, let C P D _ K denote the 

sheaf of L^ oc -sections of the quaternionic line bundle corresponding to Qd tensored with the 

inverse of the canonical line bundle. If gdzdz denotes a hermitian metric with respect to local 

coordinates z on the compact Riemann surface X, then the local operators 

1 fd -U 



9 



U d 



fit together to a global operator from H° (X, >V D ' P ) into H° (X, C P D _ K ). In fact, under the 
transformation z i— > z' this operator transforms to 



1_ (& -U'\ _ 1 

g'W d')-g 



dz' 



dz 



§ \ fd -U 



o *l\u d 




Moreover, the holomorphic cocycle of the underlying holomorphic complex line bundle does 
only change the Hopf field Q = —Udz. Consequently, the holomorphic structure of the 
quaternionic line bundle, which is locally given by operators of the form - ~g), induces 

a morphism Wjf — > CP D _ K which fits to the following exact sequence of sheaves |F-L-P-Pl 
§2.2] 

- Q D - W]f -+ C P D _ K ^ 0. 

Standard arguments |Fo| Theorem 12.6.] show that the first cohomology group of the sheaf 
W]f vanish. Consequently, the corresponding long exact cohomology sequence |Fol §15.] 
shows that the cokernel of the holomorphic structure, considered as a Fredholm operator 
from H° (X, W D ' P ) into H° (X, C P D _ K ) is naturally isomorphic to the first cohomology group 
H 1 (X, Qd) of the sheaf Qd. On the other hand, this cokernel is dual to the kernel of the trans- 
posed operator acting on the dual space of H° (X, C P D _ K ) , which is equal to H° (x, C p K l D ^j ■ 
This transposed operator defines a natural holomorphic structure on the quaternionic line 
bundle over Ok-d |F-L-P-P"| §2.3.]. The corresponding sheaf of holomorphic sections is 
denoted by Qk-d- Hence we have proven (compare |Na[ §8.-§9.]) 



Serre Duality 4.1. Let X be a compact Riemann surface and Qd the sheaf of holomorphic 

sections of a holomorphic structure with a square integrable Hopf field Q (i. e. j j QAQ < 

x 

oo) on the quaternionic line bundle over the complex line bundle corresponding to Od- Then 
the Cech cohomology groups H 1 (X, Q D ) and H° (X, Q K _ D ) are naturally dual to each other. 
q.e.d. 
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5 A BACKLUND TRANSFORMATION 



Riemann-Roch Theorem 4.2. Let X be a compact Riemann surface and Qd the sheaf of 

holomorphic sections of a holomorphic quaternionic line bundle with square integrable Hopf 

fields (i. e. } J Q A Q < oo). over the complex line bundle corresponding to Od- Then 
x 

the quaternionic dimensions of the corresponding Cech cohomology groups are finite and obey 
the formula 

dim Q H° (X, Q D ) - dim Q H 1 (X, Q D ) = 1 - g + deg(D). 

Proof. Due to the long exact cohomology sequence corresponding to the exact sequence of 
sheaves |Fo[ §15.] 

-> Q D -> Q D >^ Qd'/Qd -> 

and Lemma T2. 71 the Riemann-Roch Theorem for the sheaf Qd is equivalent to the Riemann- 
Roch Theorem for the sheaf Qd> with D < D'. Since for all pairs of divisors D and D' there 
exists a divisor D" with D < D" and D' < D", this equivalence holds also for arbitrary D 
and D'. Consequently, it suffices to proof the Riemann-Roch Theorem for the holomorphic 
quaternionic line bundles with one fixed underlying holomorphic complex line bundle. The- 
orem 13.21 shows that holomorphic structures with square integrable Hopf fields on the spin 
bundle, considered as a quaternionic line bundle, are Fredholm operators of index zero from 
H° (X, W D ,P ) into H° (X, £ P D ), where D is the corresponding square root of the canonical 
divisor, i. e. 2D = K. This implies deg(Z^) = g — 1 and the claim follows from the proof of 
Serre Dualitu PTT1 q.e.d. 



5 A Backlund transformation 

In the following discussion concerning this transformation we make use of the Lorentz spaces 
IP ,q . These rearrangement invariant Banach spaces are an extension of the family of the usual 
Banach spaces IP indexed by an additional parameter 1 < q < oo for 1 < p < oo. For p = 1 
or p = oo we consider only the Lorentz spaces IP' 00 , which in these cases are isomorphic to 
IP r |FvWl Chapter V. §3.],[E3 Chapter 4 Section 4.] and fZj\ Chapter 1. Section 8.]). We 
recall some properties of these Banach spaces: 

(i) For 1 < p < oo the Lorentz spaces IP' P coincide with the usual ZP-spaces. Moreover, the 

Lorentz space 1}'°° coincides with the usual Banach space L l . 

(ii) On a finite measure space the Lorentz space IP' q is contained in L p '' q ' either if p > p' or 

if p = p' and q < q'. 

In jU] Holder's inequality and Young's inequality are generalized to these Lorentz spaces 
( |B-S| Chapter 4 Section 7.] and (ZTj Chapter 2. Section 10.]): 

Generalized Holder's inequality 5.1. Either for l/pi+l/p 2 = 1/P3 < 1 and 1/qi + l/tfe — 
1/93 or for 1/pi + I/P2 = 1, 1/^1 + 1/^2 > 1 and (p 3 , g 3 ) = (1, 00) there exists some constant 
C > with 

\\fg\\(p 3 ,q 3 ) < C||/ll(pi,gi)llfl , ll(p2,Q2)- 
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Generalized Young's inequality 5.2. Either for l/pi + l/p 2 — 1 = I/P3 > and l/oi + 
l/?2 > l/?3 or for 1/pi + l/p 2 = 1, l/oi + 1/^2 > 1 o^d (P3>?3) — (°°) 00 ) ^ere exzsfo some 
constant C > 

11/ * Pll(p 3 ,93) ^ C|l/ll(pi,gi)llfl , ll(p2,g 2 )- 

Therefore, the resolvent of the Dirac operators on C is a bounded operators from the 
Z^-spinors into the L 2 '°°-spinors, from the L 2,1 -spinors into the continuous spinors, from the 
iT-spinors into the L 9 ' p -spmors, and finally from the iJ'^-spinors into the L 9 -spinors, with 
1 < p < 2 and q = 2p/(2 — p). Moreover, the Sobolev constant S p (compare with Lemma f3. II 
and Theorem l3.2j) is equal to the corresponding norm ||/||2,oo times the corresponding constant 
of the Generalized Young's inequality 15.21 

Let £ and x De t wo elements in the kernel of on an open domain Q C C. If x 

does not vanish, then the quotient of these two holomorphic sections of the corresponding 
holomorphic quaternionic line bundle is equal to 

-i 



Xi 

X2 



~X2 

Xi 



6 
£2 



-6 
6 



1 



Xl X2 

-Xa Xi 



X1X1 + X2X2 

The derivatives of these quaternionic-valued functions are equal to 



d 



6 
6 



-6 
6 



d 



Xi -X2 
X2 Xi 

-17 B 



dz 
dz 

dz 



dz/ V-A 



A 
-A 

A 



+ 



<9xi -9X2 
9x2 dxi 



Xi 

X2 



-X2 

Xi 



dz 
dz 

dz 
dz 
1 



9 
d 

B U 
-U B 



Therefore, the derivative of the foregoing quotient is equal to 



6 
6 



-6 
6 



6 
6 



-6 

6 



Xi 

X2 



-X2 

Xi 



with 



X2 




The non-vanishing section ( ) induces a flat connection on the quaternionic line bundle. 
The zero curvature equation takes the from 



d + B U 
A d 



d -A 
-U d + B 



0. 



In the framework of 'quaternionic function theory' |F-L-P-P] this equation takes the form 



8 
u 



-u 
o 



d + B U 
-U d + B 



d + B A 
-A d + B 



d -A 
A d 
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5 A BACKLUND TRANSFORMATION 



This implies the equation 

B -u\ fd + B u \ [Ci -6\ _ n 
u d )\-u B + bJ [fr 6 J u - 

Therefore the quaternionic-valued function ^ ^ |i ) = ( & -u a+S ) ( 6 "if 2 ) b e ^ on S s to the 

kernel of ( ^ ~^ ) . On the other hand the quaternionic-valued function ( _?| 2 |J ) 1 obeys the 
differential equation 



<9y xij ~~ v° 5 / w xi J xixi + X2X2 

-B -U\ _ fd\n(xiXi + X2X2) \\ / Xi X2 

U -BJ \ <91n(xiXi + X2X2))) \-X2 Xi 

~ U \ ( Xi X2 X 



Here we used 



u J V-%2 Xi 



s, / - , — \ X1^X1 + X2<9X2 6 ai / - , — \ Xl^Xl+X2^X2 „ 

^MXiXi + X2X 2 ) = — = — = -B dln(xiXi + X2X2) = — — = -B. 

X1X1 + X2X2 X1X1 + X2X2 

Therefore this function belongs to the kernel of ( _^ u d ) . 

Backlund transformation 5.3. Let (xl) an d {%) be two spinors in the kernel °/ (f 

on an open domain Q C C with square integrable potential A e L 2 loc (Q). Moreover, let \ 

have no zeroes on Q (in the sense of Order of zeroes [Oj) . Then the components of the 

quaternionic-valued functions = — f|* 2 J ) 1 belong to U E T? loc (Vl) and 

B G Lj^(f2). More precisely, the function dB is a measure on Q without point measures. 
Moreover, the derivative of the quotient ( ) ( ^ "if 2 ) ^ s e( l ua ^ ^° 

A. _^_\ - 1 A. _jF_\ A,. _,-_\ - 1 /w, 

d 



xi -X2\ /xi -X2\ 0W9 + S c/ \ /6 -6 



X2 Xi 7 U2 6 / \X2 Xi / V° dz \ -U d + B) U 2 £ 



,1 



Furthermore, the function yf^ <j>*j = \ ^cf 0+5 ) ( 6 li ) belongs to the kernel of ( ^ J 7 ) 
and i/ie function y ^ J = ( _?| 2 | 2 ) 1 belongs to the kernel of ( ^ ) . In particular, the 
quotient ( » ~-f ) _1 f ^ ^~ 2 ) k/onos to f| H ) ■ 

^* 2 " / Kp<2 

Conversely, if ( ^ ) belong on to £/ie kernel °f ~g) and ( ^ ) to i/ie kernel of ( ^ ^ ) ; 



/l -M = / 01 02 \ / d^ \ /^l -^2 

/ 2 /1 / V-02 0i/ VO dz U 2 ^ 
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is a closed quaternionic-valued form on Q. If in addition has no zeroes on fi, then the 
two spznors (£ "*) = g)" 1 and (f 2 f) = (_$ 2 g)"' ( J ~f ) &efon 5 on n to the 
kernel of (« f ) rift potent A = G L 2 oc (n). 

Proof. This proposition establishes a one-to-one correspondence between two holomorphic 
sections £ and x of a holomorphic quaternionic line bundle, and two holomorphic sections 
ip and <p of two paired quaternionic holomorphic line bundles. We prove this proposition in 
four steps. In steps 1-3 we proof the statements concerning the mapping from two spinors x 
and £ in the kernel of "VJ 4 ) to two 'paired' spinors ip and (p. In the final step we prove the 
statements concerning the inverse transformation from two 'paired' spinors cf) and ip to two 
'holomorphic' spinors £ and x of one holomorphic quaternionic bundle. 

1. For potentials A G L 2 ^ c (il). If tlie Ho P f neld belongs locally to L 2,1 (fi), then the 
Generalized Holder's inequality 15. H and Generalized Young's inequalitu 15. 21 together with the 
arguments in section El imply that the holomorphic sections x and £ are continuous and 
belong to the Sobolev space W^{Q,M). Hence for non-vanishing x the potentials U and B 
belong to L 2 oc (Q) and ) is continuous and belong to W^(fl,M). In this case the 
statements concerning (*^) = ( 9 +* B %) (f 2 f) and (j^ 2 ) = (i^g)" 1 follow 
from the foregoing calculations. 

2. For x = (1 + ln(0) (° ~ A )) _1 ( t) with (a, 6) G P. We shall extend the arguments 
of step 1 with a limiting argument to small potentials A G L 2 (Q). In fact, for any small 
A G L 2 (f2) we choose a sequence A n of smooth potentials in L 2 (Q) with limit A. We extend 
all potentials to a slightly larger open domain Q' which contains the closure 0, so that they 
vanish on the relative complement of Q in Q'. Obviously, the corresponding sequence of 
spinors Xn defined above extend to Q'. By definition these spinors are smooth on Q' \Q. 
Furthermore, the sequence of integrals of the corresponding one-forms B n dz along a closed 
path in Q'\Q around Q converges. Since the sequence of measures 2 ^-^ A n A n dz Adz converges, 
this implies that the sequence U n is a bounded sequence in L 2 (f2). Due to the Banach-Alaoglu 
theorem |R-S-I[ Theorem IV.21], this sequence U n has a weakly convergent subsequence with 
limit U . Also the sequence of real signed measures 2 J-^ (A n A n — U n U n )dz A dz on Q has a 

weakly convergent subsequence. Finally, due to the equations dB = AA — UU, the sequence 
of functions B n is bounded in the Lorentz space L 2,OQ (fl). Due to |B-S[ Chapter 2 Theorem 2.7. 
and Chapter 4 Corollary 4.8.] this Lorentz space is the dual space of the corresponding Lorentz 
space L 2,1 (Q). The sequence B n has also a weakly convergent subsequence with limit B and 
dB considered as a measure is equal to the limit of the measures 2 ^ / 1 _ 1 (A n A n — U n U n ) dzAdz. 
Since the sequence of spinors \n converges in L q (Q,M), and since the sequences U n and B n 
both converge weakly, the limit x is anti-holomorphic with respect to the anti-holomorphic 
structure defined by the limits U and B. 

Next we prove that the function dB = —Bdln (xiXi + X2X2) considered as a measure 
contains no point measures. 

Lemma 5.4. If Q denotes a bounded open subset of C, then for all finite signed Baire 
measures dfi on Q \Ro\ Chapter 13 Section 5] there exists a function h in the Zygmund space 
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-^cxp(^) fH3 Chapter 4 Section 6.] such that —ddh = dfi (in the sense of distributions). 
Moreover, if for a suitable e > all e -balls of Q have measure smaller than %/q with respect 
to the positive part dfi + of the Hahn decomposition of the finite signed Baire measure dfi on Q 
IRol Chapter 11 Section 5], then the exponentials exp(h) of all h e L exp (f2) with —Bdh = dfi 
belong to L q loc (Q). Conversely, if the positive part dfi + contains a point measure with mass 
ir/q, then the corresponding functions h G L cxp (Q) with —ddh = dfi do not belong to L\ 0C (Q). 

Proof. Due to Dolbeault's Lemma |Gu-Ro[ Chapter I Section D 2. Lemma] the convolution 
with the function — -ln|z| defines a right inverse of the operator —dd. Now we claim that 
the restriction of this convolution operator defines a bounded operator from I}(Q) into the 
Zygmund space L (f2). Since the domain Q is bounded, the claim is equivalent to the 
analogous statement about the restriction to Q of the convolution with the non-negative 
function 

-- In \z\ if \z\ < 1 



/(*) 



if 1< 



Associated to this function / is its distribution function fif and its non-increasing rearrange- 
ment /* f pvWl Chapter II §3. Chapter V §3.], jEEl Chapter 2 Section 1.] and [Z3 Chapter 1. 
Section 8.]): 



fi f (s) = Trexp(-Trs) f*(t) 



if < t < 7T 

7T 

if 7T < t 



If g E then g**(t) = \ J* g*(s)ds is bounded by ||p||i/t, since the L 1,oc -norm ||<7||(i i00 ) = 

sup{tg**(t) | t > 0} = f™g*(t)dt coincides with the L x -norm pvWl Chapter V (3.9)]. 
Therefore, (23 (1.8.14) and (1.8.15)] in the proof of (23 1.8.8. Lemma] (borrowed from [01 
Lemma 1.5.]) implies that the non-increasing rearrangement h*(t) of the convolution h = f*g 
is bounded by 

oo oo 

h*(t)<h**(t)<h* 2 *(t) + h?(t) < g**(t) J fM f (s)ds- J sg**(s)df*(s) 

f*(t) t 

oo 

< Mi e xp(-7rr(0)-|M|i f df*(s) 

t 

7T 

Since by definition the non-increasing rearrangement h*(t) vanishes for all arguments, which 
are larger than the Lebesgue measure of Q, we conclude the validity of the following estimate: 

oo |n| |«| 

J (exp(qh*(t))-l)dt< J exp{qh*{t))dt<\n\exp{q\\g\\i/ir) J (t/ny Miq/n dt, 
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with an obvious modification when it < \Q\. Due to a standard argument |B-S| Chapter 2 
Exercise 3.] the finiteness of this integral is equivalent to the statement that exp \ h\ belongs 
to L q (Q). To sum up, the exponential exp(h) of the convolution h = f * g belongs to L q (Q), 
if q < |j4r-. This proves the claim. In particular, for all g G I}(Q) there exists an element 
h G L exp (n) with -Bdh = g. 

Due to [B-S, Chapter 4 Theorem 6.5] L (ft) is the dual space of the Zygmund space 
LlogL(Q). Hence we shall improve the previous estimate and show that the convolution 
with — | In \z\ defines a bounded operator from L\ogL(Q) C I}(Q) into C(Q) C L exp (Q). By 
definition of the norm |B-S| Chapter 4 Definition 6.3.] 

NUio g L=-p I g*(t)ln(t/\n\)dt = J g**(t)dt 



we may improve the previous estimate to [Z3 (1.8.14) and (1.8.15)] 

OO OO t TT 

h**(t)<g**(t) J p f (s)ds- J sg**(s)df*(s) g*(s)ds + J g**(s)ds < \\g\\ L]ogL . 

fit) t o t 

This implies that in this case h**(t) is bounded, and consequently h G L°°(Q). Furthermore, 
since the function In \ z\ is continuous for z ^ 0, the convolution with — - In \ z\ is a bounded 

II / 7 vr I I 

operator from LlogL(O) into the Banach space C(Q). Finally, the dual of this operator 
yields a bounded operator from the Banach space of finite signed Baire measures on Q |Ro| 
Chapter 13 Section 5 25. Riesz Representation Theorem] into L exp (f2). More precisely, if 
the measure of Q with respect to a finite positive measure dp, is smaller than n/q, then the 
exponential exp(/i) of the corresponding function h = f * dp, belongs to L q (Q). 

Due to Weyl's Lemma |R-S-IIl Theorem IX. 25] the difference of two arbitrary functions 
h\ and h,2 with —ddh\ = —ddfi2 = dp is analytic. Therefore, it suffices to show the second 
and third statement of the lemma for the convolution of — -ln|z| with dp. Due to the 
boundedness of Q we may neglect that part of this convolution, where the former function is 
negative. Therefore, we may neglect the negative part of dp in order to bound the exponential 
exp(h). The decomposition of the convolution into an e-near and an ^-distant part analogous 
to the decomposition in the proof of Lemma [3.21 completes the proof. q.e.d. 

If the function dB considered as a finite Baire measure contains a point measure at 
z — z' of negative mass smaller or equal to — me, then, due to Lemma 15.41 the spinor 
X — ( z 2 ' = %i ) n X belongs to f] L q loc (Q, H). This implies that x has a zero of order n at z' . 

q<oo 

Hence, due to our assumptions, the masses of all point measures are larger than — n. Again 
the following Lemma I5.4I implies that ( |J ) 1 is a L^ oc -spinor in the kernel of ( _^ U Q ) . 
Since these kernels are contained in f] L q loc (Q, H), Lemma 15.41 implies that this measure 

<2<oo 

contains no point measures. 
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Finally we show that ~^ ) = f 9 ^ ^) (| ^ 2 ) belongs to the kernel of (g ~f ). 

For this purpose we use again the sequence of smooth potentials A n in L 2 (Q) with limits A 
and the corresponding sequence of spinors Xn on Q'. We choose fl small enough such that 
the corresponding sequences of potentials U n belong to the subsets described in Theorem 13.21 
on which the resolvents are weakly continuous. The arguments of Theorem 13.21 imply also 
that the sequence \n(U n ) considered as operators from LP(Q, H) into L q (fl, H) with ~ < i + ~ 
converges to \q(U). Now for any quaternionic function / in L q (Q, HI), the sequence of quater- 
nionic functions (^ 9 ^ n j ta(Ai)/ belong on the complement of the support of / in Q to 

the kernel of ( ® ~g n ) . Therefore it satisfies on this complement the corresponding quater- 
nionic version of Cauchy's Integral Formula 12.11 Due to continuity this implies that the limits 
obeys the quaternionic version of Cauchy's Integral Formula 12. II in the sense of distributions 
on the complement of the support of / in fl. Hence the limit belongs to the kernel of (® ~g)- 
Since the spinor £ in the kernel of ( 9 ~^ ) obey the corresponding quaternionic version of 
Cauchy's Integral Formula \2.1\ we may represent it on any open subset, whose closure is 
contained in Q, as £ = \n{A)f with an appropriate /, whose support is disjoint from the 
open subset in Q. Furthermore, £ is the limit of \n{A n )f. This implies that ip belongs on Q 
to the kernel of (^~g)- 

3. For general x- Due to step 2, the quotient ~P j ~^ 2 ) of x divided by the 
inverse of the x, which was considered in step 2 is continuous and belongs to W^{Vl). This 
implies that all components of the difference ( ~g 2 ) ( £ ~£ ) ~ X - ( || ~Jg 2 ) ( | ~| 2 ) ~ 
belong to f] W lo f ($1) x W^^fi). Now the arguments of step 2 carry over to all x i n the 

1<P<2 

kernel of (^~ 9 A ) without zeroes on fl. 

4. Inverse transformation. The arguments of steps 1-3 carry over and show, that 
( -\ 2 ^ ) belong on Q to the kernel of ( ^ ~£ ) . All other statements follow from direct 
calculations. q.e.d. 



Actually we proved the following quaternionic version of 

Weyl's Lemma 5.5. Let ~^ 2 ^ be spinor without zeros in the kernel of (J^g) with 

potential U G L 2 loc ({l) on a domain C C. Then a function ~^ 2 j G Z^ oc (fi, HI) 

1 < p < 2 belongs to the kernel of ( ^ ) z/ ^ _^| 2 ^ 2 j ( d 2 d °- ) ^ ^ ~^ 2 ^ is a closed current on 
Q. 

Proof. Due to the assumptions there exists a function / G f] W 1,r (Q, HI) with 



(2 



A = ( 01 M \ A/>1 -^2 

/ 2 fx ) V-02 <M 1 dz) U 2 & 
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Now the Bdcklund transformation 15.31 implies that x = y _| 2 ^ J aricl £ = - J 2 |i J ^ 
belong to the kernel of (^ with an appropriate A e f^ oc (f2). Finally, again due to the 
Bdcklund transformation I5~3*l r/> belongs to the kernel of "g 17 )- q.e.d. 



6 The Pliicker formula 

Let H C H° (X, Qo) be a quaternionic linear system in the space of holomorphic sections of a 
holomorphic quaternionic line bundle on a compact Riemann surface X. At any point iGX 
we have a sequence ordiif < . . . < orddimH-ff of Orders of zeroes 12 .61 of elements of H, which 

X X 

differ only at finitely many points form the sequence ordiif = 1, . . . , orddim hH = dim if. 

X X 

The order of H is defined as |F-L-P-P"| Definition 4.2.]: 

ordH = (ordtH - lj + . . . + (ord dimH H - dim if 



For smooth Hopf fields the following estimate is proven in |F-L-P-Pl Corollary 4.8.]: 



2tt. 



= J Q AQ> dim H ((1 - g) (dim if - 1) - deg(D)) + ordF. 



x 



We shall show that this inequality holds for all square integrable Hopf fields. For this purpose 
we fit together the local Bdcklund transformation 15.31 to a global transformation. 

Corollary 6.1. Let £, x £ H° (X, Qp) be two holomorphic spinors of a quaternionic holomor- 
phic line bundle with Hopf field Q over the complex holomorphic line bundle corresponding 
to Od on a compact Riemann surface X. If x has no zeroes, then the local Backhand trans- 
formation 15.51 induces a global Bdcklund Transformation Q i— > Q from the Hopf field Q to 
an Hopf field Q of a quaternionic holomorphic line bundle over the complex holomorphic 
line bundle corresponding to Od + k and a paired quaternionic holomorphic line bundle over 
the complex holomorphic line bundle corresponding to O-d with two holomorphic sections, 
respectively. The Willmore functionals of these Hopf fields obey the equation 

A= J (QAQ-QAQ)=- deg(D). q.e.d. 



2tt^ 



x 



An dim(if )-fold application of this Corollary immediately implies the Pliicker formula. 
Indeed, first we choose a member x of the linear system H of lowest vanishing order at all 
points of X. Since the Riemann surface has complex dimension one, such sections of the 
quaternionic vector space H always exists. We change the divisor of the quaternionic holo- 
morphic line bundle, such that x is a section without zeroes of H° (X, Qd). An application of 
Corollary 16 . II with this x transforms the linear system H C H° (X, Qp) into a linear system 
H C H° (X, Qd+k) of (quaternionic) dimension dim if — 1. We may repeat such an applica- 
tion of Corollary 16. II until we end with a trivial linear system with Hopf field A. We remark 
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that the sum over the degrees of the corresponding sequence of quaternionic holomorphic 

dim-ff-l 

line bundles is equal to deg(-D) dimH — ordH + j deg(K). Consequently, these Hopf 

3=0 

fields obey the formula 

dim_ff-l 

— deg(D) dimH + ordH — j deg(K) 

j=0 

dimH ((1 - g) (dimH- 1) - deg(D)) + oidH. 
This implies the general 

Pliicker formula 6.2. Let X be a compact Riemann surface and Qd the sheaf of holomorphic 

sections of a holomorphic structure with a square integrable Hopf field Q (i. e. l—^ J QAQ < 

x 

oo) on the quaternionic line bundle over the complex line bundle corresponding to Or,. Then 
all linear systems H C H° (X, Qk-d) obey 

-j= I QAQ> dimF((l - g) (dimH- 1) - deg(£>)) + ordH. q.e.d. 

X 

7 Weak limits of Hopf fields 

In this section we consider sequences of non-trivial sections of sequences of holomorphic 
quaternionic line bundles over a compact Riemann surface X. If the degrees of the underlying 
complex line bundles and the Hopf fields are bounded, then these sequences have convergent 
subsequences. 

Theorem 7.1. Let ip n be a sequence of non-trivial holomorphic sections of a sequence of 

quaternionic line bundles over the holomorphic complex line bundles corresponding to On n 

with Hopf fields Q n . If the sequence of degrees deg(D n ) is bounded, then the sequence of 

underlying holomorphic complex line bundles has a convergent subsequence. If in addition 

the sequence of Hopf fields is bounded (i. e. 2 f Q n A Q n < C < oo), then the appropriate 

x 

renormalized sequence ip n has a subsequence, which converges to a non-trivial holomorphic 
section of a holomorphic quaternionic line bundle over a holomorphic complex line bundle 
corresponding to On, where D — D„ converges to an effective divisor D' . Moreover, the Hopf 
fields is a weak limit of the Hopf fields of the holomorphic structures corresponding to Qd u +d' ■ 

Proof. The proof precedes in five steps. 

1. The decomposition of the sequence of Hopf fields. Due to the Banach Alaoglu 
theorem |R-S~H Theorem IV. 21] and the Riesz Representation theorem |Ro| Chapter 13 
Section 5] the sequence of bounded finite Baire measures 2 J_ 1 Qn AQn on X has a convergent 
subsequence. The limit can have only finitely many points {x\, . . . , Xl}, whose mass is larger 



2tta 



J (QAQ -AAA) 



x 
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than the constant of Theorem 13.21 We shall decompose the sequence of Hopf fields Q n into 
a sum 

L 

Qn Qreg,n ^ Qsmg,n,l 
1=1 

of Hopf fields with disjoint support. Here Q S ing,n,i, • • • , Qsin g ,n,L are the restrictions of Q n to 
small disjoint balls B(xi, . . . , B(xl,£ u ,l), whose radii £ n> i tend to zero. Consequently, 
Qreg,n are the restrictions of Q n to the complements of the union of these balls. More precisely, 
we assume 

Decomposition (i) For all I = 1,...,L the weak limit of the sequence of finite Baire 
measures 2 J = j Q S ing,n,i A Q S mg,n,i jRoj Chapter 13] is equal to the point measures of 
the weak limit of j^fQn A Q n at x/. Consequently, the weak limit of the measures 

2 J—^ Qreg,n A Q Te g,n is equal to the weak limit of the measures 2 J^j Qn A Q n minus the 
corresponding point measures at x 1 . . . , Xl- 

Obviously there are many possible choices of the sequences e n> i with this property (e. g. for 
a unique choice of e n> i the square of the L 2 -norm of Q S mg,n,i is equal to the mass of the point 
measure at xi of the weak limit of 2 J- T Q ra A Q n ). Locally we may consider the Hopf fields 
Qsing,n,i as Hopf fields on P. We want to transform each of these L sequences of Hopf fields 
by Mobius transformations on P, such that the transformed Hopf fields belong to a set of the 
form described in Theorem 13.21 The pullbacks under the inverse of the action of the Mobius 
group SL(2,C)/Z 2 on P 



yields a unitary representation of the Mobius group on the Hilbert space of square integrable 
Hopf fields. In doing so we transform each of these L sequences of Hopf fields <3sing,n,z 
(considered as Hopf fields on P) by a sequence of Mobius transformations g Uj i in such a way 
that the transformed sequence of Hopf fields has the following property: 

Decomposition (ii) There exists some e > 0, such that the L 2 -norm of the restrictions 
of the transformed Hopf fields (g~]) Q S mg,n,i to all e-balls (with respect to the usual 
metric of P) is bounded by the constant C p < S^ 1 . 

Such decompositions do not always exist. But we shall see now that, if all points of P 
have measure smaller than 2S~ 2 with respect to the weak limit of the finite Baire measures 
2~^TfQn A Q n , then these decompositions indeed exist. The free Dirac operator on P is 
invariant under the compact subgroup SU(2,C)/Z 2 of the Mobius group (~ SL(2, C)/Z 2 ) 



as well as the usual metric on P. Therefore, due to the global Iwasawa decomposition [He, 
Chapter VI Theorem 5.1], it suffices to consider in place of the whole Mobius group only 
the semidirect product of the scaling transformations (z i— > exp(t)z with t 6 1) with the 
translations (z t— > z + z Q with z G C). In the sequel we assume that all g n> i belong to this 
subgroup of the Mobius group. 
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Lemma 7.2. If the square of the L 2 -norm of a H op f field Q on P is smaller than 2S~ 2 , then 
there exists a constant C p < S~ Y and a Mobius transformation such that the L 2 -norm of the 
restrictions of the transformed H op f fields to all balls of radius it/ 6 is not larger than C p . 

Proof. Let r max (Q) be the maximum of the set 

jr | the L 2 -norms of the restrictions of Q to all balls of radius r are not larger than C p } . 

Since the L 2 -norm of the restriction of Q to a ball depends continuously on the center and 
the diameter of the ball, this set has indeed a maximum. Moreover, there exist balls with 
radius r max (Q), on which the restricted Hopf field has L 2 -norm equal to C p . 

We claim that there exists a Mobius transformation h, such that r max is the 

supremum of the set of all r max ((o _1 )*Q), where g runs through the Mobius group. Let 
g n be a maximizing sequence of this set, i. e. the limit of the sequence r max ((g^ 1 )* Q) is 
equal to the supremum of the former set. Since r max ((g -1 )* Q) is equal to r max (Q), if g 
belongs to the subgroup 5 , f/(2,C)/Z 2 of isometries of the Mobius group, and due to the 
global Iwasawa decomposition |Hel Chapter VI Theorem 5.1], the sequence g n may be chosen 
in the semidirect product of the scaling transformations z t— > exp(t)z with the translations 
z i— > z + zq. It is quite easy to see, that if the values of t and z corresponding to a sequence 
g n of such Mobius transformations are not bounded, then there exist arbitrary small balls, 
on which the L 2 -norms of the restrictions of (g^ 1 )* Q have subsequences converging to the 
L 2 -norm of Q. Hence if the L 2 -norm of Q is larger than C p , then the maximizing sequence 
of Mobius transformations can be chosen to be bounded and therefore has a convergent 
subsequence. In this case the continuity implies the claim. If the L 2 -norm of Q is not larger 
than C p , then r max ((g -1 )* Q) does not depend on g and the claim is obvious. 

If the L 2 -norm of Q is smaller than \/2C p , then all r max (Q)-balls, on which the restriction 
of Q has L 2 -norm equal to C p , have pairwise non-empty intersection. In particular, all of 
them have non-empty intersection with one of these balls. Consequently, if r max (Q) is smaller 
than 7r/6, then these r max ((3)-balls are contained in one hemisphere. In this case there exists 
a Mobius transformation g, which enlarges r max (Q) (i. e. r max (<5) < r max ((g -1 )* Q))- We 
conclude that there exist a Mobius transformation g, such that r max ((g -1 )* Q) is smaller 
than 7r/6. q.e.d. 

The upper bound 2S~ 2 is sharp, because for a sequence of L 2 -Hopf fields on P, whose 
square of the absolute values considered as a sequence of finite Baire measures converges 
weakly to the sum of two point measures of mass S~ 2 at opposite points, the corresponding 
sequence of maxima of r max {{h~ 1 )* ■) converges to zero. But the lower bound tc/6 is of course 
not optimal. 

If the L 2 -norms of the Hopf fields Q S mg,n,i are smaller than a/2C p , then this lemma ensures 
the existence of Mobius transformations g nj ; with the property Decomposition (ii). In gen- 
eral we showed the existence of a sequence of Mobius transformations h n j, which maximizes 
'"max ((g Qsmg,n,i) ■ If for one / = 1, . . . , L the corresponding sequences (Ji n ij Qsmg,n,i 

do 

not obey condition Decomposition (ii), then we apply this procedure of decomposition to the 
corresponding sequence of Hopf fields Q S mg,n,i on P. Consequently, we decompose the 
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sequence Q S mg,n,i into a finite sum of Hopf fields with disjoint support, such that the corre- 
sponding Hopf fields (g~]) Q S mg,n,i ° n P obey the analogous conditions Decomposition (i). 
Due to Lemma 17.21 after finitely many iterations of this procedure of decomposing the Hopf 
fields into finite sums of Hopf fields with disjoint support, we arrive at a decomposition 

v 

sing,ni 
1=1 

of Hopf fields with disjoint support. More precisely, the Hopf fields Q S mg,n,i, • • • , Qsmg,n,L> are 
restrictions of Q n either to small balls or to the relative complements of finitely many small 
balls inside of small balls. In particular, the domains of these Hopf fields are excluded either 
from the domain of Q Te g, n , or from the domain of another Q S ing,n,«- The former Hopf fields 
obey condition Decomposition (i) and the latter obey condition 

Decomposition (i') If the domain of Q S mg,n,i' is excluded from the domain of Q s i ngt n,i, then 
the weak limit of the sequence of finite Baire measures 2 ^- T (g~]) Q S mg,n,i' A Q S mg,n,i> 
on C C P converges weakly to the point measure of the weak limit of the sequence 
2 ^- T [g~]) Qsing,n,i A Q S mg,n,i at some point of C, whose measure with respect to the 
latter limit is not smaller than S~ 2 . 

All these Hopf fields Q S ing,n,i, • • • , Qsmg,n,L' obey condition Decomposition (ii). We remark 
that if the weak limit of the finite Baire measures 2 ^-y \Ki,i) Qsing,n,i A Q s i n g, n ,i on C C P, 
where h n> i denotes the sequence of Mobius transformations maximizing r max ((g -1 )* Q S mg,n,i), 
contains at z = oo a point measure, whose mass is not smaller than S~ 2 , then we decompose 
from the sequence (h~\) Q S mg,n,i Hopf fields, whose domains are the complement of a large 
ball in the domains of these Hopf fields. In these cases the domains of the analog to the 
regular sequence of the decomposition are excluded from the domains of the analog to the 
singular sequence, whose L 2 -norm accumulates at z = oo. Since the Mobius transformations 
corresponding to the former are faster divergent then the Mobius transformations of the 
latter, the latter should be considered as less singular than the former. Therefore, also in 
this case the domains of the more singular sequences are excluded from the domains of the 
less singular sequences. To sum up, the sequence Q reg ,n of Hopf fields on X and the sequences 
{9n l) Qsmg,n,i) • • • i \9n L') Qaxag,n,v of Hopf fields on P belong to a set of the form described 
in Theorem 13.21 

2. Limits of the sequence of underlying holomorphic complex line bundles. Due to 

the Banach-Alaoglu theorem |R-S~H Theorem IV.21] and the Riesz Representation theorem 
|Rot Chapter 13 Section 5] the sequence of finite Baire measures 2 J_ 1 Qn A Q n on X has 
a convergent subsequence. By passing to a subsequence we achieve that the sequence of 
finite Baire measures 2 J— : ^ Q n A Q n weakly converges. Since every divisor D of bounded 
degree is equivalent to the difference D ~ D' — D" of two effective divisors D' and D" of 
bounded degrees (compare [Fo, Theorem 21.7.]) a subsequence of the sequence of divisors D n 
is equivalent to a convergent sequence of divisors with limit D. By passing to an equivalent 
subsequence we achieve that the sequence of divisors D n converges to the divisor D. 
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We cover X by open subsets 

X = U U . . . U U L . 



Here Uo is the complement of the union of small neighbourhoods of the support of the divisor 
D with the support of the divisor -D sp i n of the spin bundle used in Theorem 13 . 21 and all those 
points, whose mass with respect to the weak limit of the measure 2 ^j Qn A Q n is greater or 
equal than the constant S~ 1 . The other sets Ui, . . . , Ul are small open disjoint disks, which 
cover the connected components of the complement of Uo- Since the holomorphic structures of 
Qd s in are Dirac operators with potentials, whose resolvents are investigated in Theorem 13. 21 
the restrictions of the holomorphic structures to Uo is also of this form. Due to Theorem 13.21 
and Lemma 13.31 the resolvents of these restrictions of the homomorphic structures to Uo 
converges. By subtracting from Uo additional small closed disks contained in additional open 
sets U-l + i, . . . , Ujy, which are disjoint from U 1; . . . , Ul and form each other, we may achieve 
that the corresponding limit of the sequence of restrictions of the holomorphic structures to 
Uo has a resolvent. Due to Theorem 13.21 these restrictions of holomorphic structures have 
always reduced resolvents on the complement of a finite-dimensional subspace of holomorphic 
sections. Our arguments in step 5, where we prove the existence of convergent subsequences 
can be extended to this more general situation, since all bounded subsets of these finite- 
dimensional subsets are compact. 

3. Limits of the local resolvents near the singular points with trivial kernels 
of the blown up holomorphic structures. In this step we consider the limits of the 
restrictions of the holomorphic structures to U 1; . . . We assume that local parameters 
maps these small open disks onto small open domains in C. Therefore the restrictions of the 
holomorphic structures to Ui, . . . ,Ut can be described by Dirac operators with potentials 
( -q fj ) on open sets of C. If U does not contain a point, whose mass with respect to the weak 
limit of the measures 2 ^—^ Q n AQ n is greater or equal than S"" 1 , then due to Theorem 13 . 21 and 
Lemma 13.31 the resolvents of the restrictions of the holomorphic structures to Uo converges 
to the resolvent of the holomorphic structure, whose Hopf field is the weak limit. 

Let us assume that the support of the sequence of Hopf fields Q S mg,n,i = —U s \ ngtn jdz is con- 
tained in U, and that the sequence of holomorphic structures with Hopf fields i) Q S in g ,n,i 
on P has a trivial kernel. We claim, that in this case the corresponding sequence of resolvents 
of Dirac operators on U, whose Hopf fields are given by the restrictions of the Hopf fields 



reg,ra ~\~ Qsing,n,l U Ie g n dz fusing, n,l 



to U;, considered as operators from x ZP(Uj) into L q (\ii) x L q (\Ai) with 1 < p < 2 and 

1 < q < converges to the resolvent of the Dirac operator, whose potential corresponds to 

z p 
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the weak limit of the sequence of Hopf fields. The corresponding resolvents obey the relation 

Rc (Urcg,n fusing, n,h ^reg,n fusing, n,h 0) 

= Rc (U rcgtn , U T eg,n, 0) ^1 — f sl ng>«^ ^_ \ Rp (U Ieg nj U Ie g n , O^J 

Rc (^reg,n; ^reg,n; 0) "I - Rc (^reg,raj ^reg,n; OJ 

(l — ( S ™ g ' n '' .-v ) Rc (^reg.nj ^reg.n; 0) ] ( sing,n,i ) Rc (^reg,n> ^reg,n, 0) . 

\ V <-^sing,n,i / /V <-^sing,n,2 / 

The operators 

i-( u T-' u° ,)"c(iw.^.o))" , ( t V f?° ,) 

\ w ^sing^,!/ / \ smg,n,i/ 

Us T l u° )( 1 -^(P™>v™°)( U *o* u° )) 1 

depend only on the restrictions of Rc (U Tegtn , U reg)ni 0) to the support of U singtn j. We shall 
transform this sequence of operators under the corresponding sequence of Mobius transfor- 
mations g Ui i. The small open sets Ui, . . . , Ul are identified with bounded open sets of C. 
Therefore the restrictions of the holomorphic structures may be described by Dirac operators 
with potentials on bounded open sets of C. All Mobius transformations h induce isometries 



\ p (h): F(C)-tf(C) /-/ f(z) = f(h- 1 z) 



dh 1 z 



dz 



A direct calculation shows that the resolvent R<c(0, 0, 0) of the free Dirac operator, considered 

as an operator from IP(C) x ZP(C) into L 2 ~p (C) x L 2 ~p (C) with 1 < p < 2 is invariant under 
the scaling transformations (z i— > exp(t)z with i 6 M) and the translations (z i— > z + zq with 
z G C). Since these sequences of Mobius transformations belong to the semidirect product of 
the scaling transformations with the translations, the free resolvent is invariant under these 
transformations g n f. 

i^L)) Rc(0 ' - 0) ( U o" j) uhh RM - 

If the sets Ui, . . . , are small, then the restrictions of the sequence of transformed Hopf 
fields (g~]) Q n to the subset g~\ (Lb.) C P still obey the condition of Lemma l3~3l Therefore, 
due to Theorem 13.21 the corresponding sequence of resolvents on P converges. We assume 
that the limit is the resolvents of a Dirac operator on P without kernel. In this case the 
arguments of Theorem 13.21 together with the first resolvent formula [R-S-I, Theorem VI. 5]: 

1 




(A-A')Ra' = Ra( j3^-RaJ =(y3^-Ra) Ra, 
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imply that the corresponding sequence of resolvents considered as operators from IP(C) x 

2p 2p 

ZP(C) into L 2 -p (C) x L' 2 ~p (C) is bounded. We conclude that the sequences of operators 

V V w smg,n,l/ / \ suig,n,Z/ 

= (V f?° ,)(>- R c(^,„,^,»,0)(V'' (7° ,))" 

\ w ^ sing, n,i/ \ \ w emg,n,l/ / 

are bounded. 

Due to Holder's inequality |R-S-I| Theorem III. 1 (c)] for 1 < q' < q < oo the restriction 
of L 9 (C) into L Q '(B(0, e)) is bounded by {jie 2 )~?~v . Since the radii of the supports of U s - mg:Tlj i 
tend to zero, the restrictions of the resolvents Rc(U n , U n , 0) considered as operators from 
LP(Ui) x ir{Ui) into D(Ui) x L"(lb,) with l<p<2andl<g<^L converge to the 
resolvent of the weak limit of the sequences U n . 

4. Limits of the local resolvents near the singular points with non— trivial kernels 
of the blown up holomorphic structures. In this case we add to the sequence of divisors 
D n a sequence of effective divisors D' n with support in the complements of U , such that 
the corresponding transformed sequences of holomorphic structures corresponding with Hopf 
fields (</"!)* Qdng.n.i, • • • , (fl'n,!/)* Qsm g ,n,L> on P have trivial kernels. 

Lemma 7.3. For any holomorphic quaternionic line bundle on P with non-trivial kernel let 
d be the unique natural number such that 

dim H° (P, Q D - doo ) = dim H° (P, Q D _( d _i )oo ) = 1 

Then there exists an effective divisor D' of degree d — deg(D) — 1, whose support is contained 
in C, such that 

dim#° (P, Q D+D/+in - d)oo ) =n VnG N . 

Proof. Due to the Riemann-Roch Theorem 14.21 we have the inequality 

dimtf (P, Q D - doo ) = deg(D) + l-d + dimH 1 (P, Q D - doo ) > deg(D) + 1 - d. 

By definition of d this implies deg(-D) < d — 1. Moreover, the equality deg(D) = d — 1 is 
equivalent to dim if 1 (P, Qn-doo) = 0. Due to Serre Dualitu I4~T1 this is equivalent to 

dim H 1 (P, Q D+{n - d)oo ) =0 VnG N . 

Finally, due to the Riemann-Roch Theorem 14. 21 the equality deg(D) = d— 1 is equivalent to 

dimtf (P, Q D+[n - d)oo ) =n VnG N . 

Therefore it suffices to consider the cases deg(D) < d — 1. 

We claim that in this case there exists an element z£C, such that the analogous num- 
ber d corresponding to the holomorphic structure of Qd+z is equal to d. This is equivalent 
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to dim H° (P, Qn+z-doo) = 0. Let us assume on the contrary that for all z G C we have 
dim if (P, Qo+z-doo) = 1- Consequently, for all pairwise different Zi,...,z L G C the di- 
mension of the linear system H° (P, Qd+ Zi +. ..+z L -doo) is larger than L. For large L due to 
Serre Duality E7JJ Pliicker formula ElU the Cech cohomology group H 1 (P, 
is trivial. Consequently, due to Riemann-Roch Theorem 14.21 we obtain 

L < H° (P, Q D+Zl+ ...+z L -doo) = 1 + deg(D) + L-d, 

which contradicts to deg(-D) < d — 1. This proves the claim. 

By an iterated application of this claim we obtain an effective divisor D' with the desired 
properties. q.e.d. 

We apply this lemma to the holomorphic structure corresponding to the weak limits of 
Hopf fields (g^i) Q S m S ,n,i, ■ ■ ■ > (<7n i') Qsmg,n,L' on P. Since we are only interested in the 
restrictions of the holomorphic structure to Ui, . . . , Ul, we may change the degree at oo. 
For all holomorphic quaternionic line bundles on P, with sheaf Qd of holomorphic sections, 
the sheaf of holomorphic sections <2_d+d'-<&x> of the corresponding holomorphic structure on 
the spin bundle has a trivial kernel. Here D' denotes the divisor of degree d — deg(D) — 1 
constructed in Lemma 17731 Obviously, the sequence of divisors D' n = g n j(D') converge to 
the divisor deg(D')x/ on Uj. Hence the arguments of step 4 imply that the resolvents of the 
corresponding Dirac operators on U/ converges to the resolvent of the Dirac operator, whose 
potential is the weak limit of the sequence of potentials. 

5. Limits of the sequence of holomorphic sections. In the preceding step we added to 
the sequence of divisors a sequence of convergent effective divisors. Obviously, any sequence 
of sections of the original sequence of holomorphic quaternionic line bundles are also holo- 
morphic sections of the latter sequence of holomorphic quaternionic line bundles. We shall 
prove that this sequence converges to a non-trivial section of the limit of the latter sequence 
of holomorphic quaternionic line bundles. More precisely, the Hopf field of the limit of the 
holomorphic structures is the weak limit of the sequence of Hopf fields of the latter sequence 
of Hopf fields. 

At the end of step 2 we saw that the sequence of resolvents of the restrictions of the holo- 
morphic structures to U converged as an operator from H° (\1 Q , £^.1 into H° ^U , £|> 8pin J 

with 1 < p < 2 and 1 < q < Moreover, in steps 3-5 we showed that for all / = 1, . . . , L 
the resolvents of the restriction of the holomorphic structures to U; converged as an operator 
from H° (U , C p Dsp . ) into H° (\l , £^ spin ) with 1 < p < 2 and 1 < q < 

Due to quaternionic version of Cauchy's Integral Formula 12.11 the holomorphic sections 
are uniquely determined by their restrictions to 

(Ux n u ) u . . . u (lb. n u ) . 

Moreover, for all 1 < p < 2 and 1 < q < the H° (X, C q D J -norms are uniformly bounded 
in terms of the H° (X, C P D ) -norms of the restrictions to (IL R U )U. . .U(U/ D U ). Since the 
sequence of Hopf fields is bounded, the H° (X, wjj) -norms are bounded uniformly in terms 
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of the H° I X, C? D V J -norms. Now Kondrakov's Theorem |Aut Theorem 2.34] implies that 

any sequence of non-trivial eigenf unctions, whose H° (X, C q D ) -norms are equal to one, have 
a convergent subsequence, and that the limit is non-trivial. Due to the convergence of the 
resolvents in steps 2-4 the limit is holomorphic with respect to the holomorphic structures, 
whose Hopf field is the weak limit of the sequence of Hopf fields. q.e.d. 



8 Existence of minimizers 

In this section we prove the existence of minimizing surfaces in IR 3 and IR 4 of the Will- 
more functional inside all conformal classes. More precisely, we show that any sequence of 
conformal mappings from a compact Riemann surface X into R 3 (or IR 4 ), whose Willmore 
functionals is bounded, may be transformed by a sequence of conformal mappings of IR 3 C S 3 
(or K 4 C S 4 ) into a sequence, which converges with respect to the VT 2 ' p (X)-topology for all 
1 < p < 2. Essentially this follows from the Quaternionic Weierstrafi Representation ITTTI and 
Theorem 17.11 In |P-Pj the global Weierstrafi representation was generalized to conformal 
mappings into IR 4 . In fact, the 'quaternionic function theory' provides two version of a global 
Weierstrafi representation into IR 4 . From our point of view they are related by a Backlund 
transformation 15.31 

Proposition 8.1. For any sequence of mappings in one of the following classes there exists a 
sequence of conformal transformations of the target space, such that the transformed sequence 
has a convergent subsequence with respect to the topologies of f] W 2,P (X): 

Kp<2 

(i) Smooth conformal mappings from a compact Riemann surface X into IR 3 with bounded 

Willmore functional. 

(ii) Smooth conformal mappings from a compact Riemann surface X into IR 4 with bounded 

Willmore functional. 

(iii) Smooth conformal mappings from a compact Riemann surface X into IR 4 with a fixed 
complex holomorphic line bundle underlying the quaternionic holomorphic line bundle 
(compare W-Fi Theorem 4-3]) and bounded Willmore functional. 

Proof. We use the Quaternionic Weierstrafi Representation ITTTI P-Pt IB-F-L-P-Pj and its re- 
duction to conformal mappings into the pure imaginary quaternions ~ M 3 |Ta-ll ITa-2| IFr-2j . 
Hence all immersion are represented by two non-trivial spinors of two paired holomorphic 
quaternionic line bundles. Let ra and ip n be the sequences of paired spinors corresponding 
to a minimizing sequence of the Willmore functional on the space of conformal immersions 
of a compact Riemann surface X into M 3 or IR 4 . The Plucker formula 16.21 implies that the 
degrees of the corresponding quaternionic holomorphic line bundles are bounded from below. 
Since these two line bundles are paired, the degrees are also bounded from above. Therefore 
Theorem 17.11 implies that both sequences have convergent subsequences. But it might happen 
that the corresponding limits of the holomorphic structures have singularities. In this case 
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the degrees of the limits are not the limits of the degrees. The corresponding WeierstraB 
representations describe immersions of X into S 3 D M 3 or S 4 D I 4 . But a conformal trans- 
formation of S 3 D M 3 or S A D M 4 transforms these immersions into immersions into M 3 or 
M 4 . We remark that the conformal transformations of S A D K 4 are very easy to describe with 
the help of the Backlund transformation 15.31 In fact the conformal transformations are just 
equal to the action of GL(2, Q) on the corresponding quaternionic two-dimensional subspace 
of holomorphic sections of the Backlund transformed quaternionic holomorphic line bundle. 
Observe that in Theorem 17.11 we implicitly use translations and rotations of the immersions 
corresponding to rescalings of the two holomorphic spinors of the two paired quaternionic 
holomorphic line bundles. If we use in addition some inversions, we may always achieve that 
the limit stays inside of M. 3 or M 4 . The corresponding two limits of <fi n and ip n does not have 
poles. Consequently the quaternionic holomorphic line bundles have degrees equal to the 
limits of the corresponding sequences of degrees and they are paired. In case the underlying 
holomorphic complex line bundles are fixed, the limits of the quaternionic holomorphic line 
bundles have also these underlying complex holomorphic line bundles. q.e.d. 

We consider this Proposition as Montel's Theorem of 'quaternionic function theory'. It 
implies the existence of minimizers of the Willmore functional. 

Theorem 8.2. The Willmore functional attains a minimum on the following classes: 

(i) Smooth conformal mappings from a compact Riemann surface into M? . 

(ii) Smooth conformal mappings from a compact Riemann surface into M 4 . 

(iii) Smooth conformal mappings from a compact Riemann surface into R 4 with a fixed com- 
plex holomorphic line bundle underlying the quaternionic holomorphic line bundle (com- 
pare IP-PI Theorem 4-3]). 

Proof. Proposition 18.11 implies the convergence of a minimizing sequence in the enlarged 
classes (i)-(iii) of not necessarily smooth conformal mappings with bounded Willmore func- 
tional. It remains to ensure the smoothness of the minimizers. 

Lemma 8.3. Let tp belong to the kernel of (^~q) and (f> to the kernel of with 

potential U £ L 2 (Q) on an open domain flcC. If the Willmore functional W = 4 J UUd 2 x 

n 

is minimal with respect to all I? -perturbations AU with compact support in Q, which admit a 
perturbation of ip and <fi with compact support in Q, then there exists spinors ip in the kernel 
°f ( u ~&) an( ^ & ^ n k erne l o/(_ 9 ^), such that (U,U) is a complex linear combination 

Of (j>2?Pl + <fil4>2, 01^2 + <Ml) and (02^1 + 01^2, 01^2 + 02^1 ) • 

Proof. If the support of AU is contained in the open subdomain fi' C Q C fi, then, due 
to the quaternionic version of Cauchy's Integral Formula 12.11 the restriction of and ip 
to the complement of the domain of Q' in Q are uniquely determined by their values on a 
cycle around Q and on a cycle in Q' around the support of U. We conclude that ip and 
(j) admit perturbations with support contained in Q', if and only if the total residue with 
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the corresponding integral kernels vanishes on Q'. Again due to the quaternionic version of 
Cauchy's Integral Formula 12.11 this is equivalent to the condition that for all elements ip in 

the kernel of ( U _^ AU ~^~q A ^) and all in the kernel of ^_^f A p U+ q U 1 the residues of the 
forms 0* ( q z £ ) tp and 0* ( q z ® z ) ip on fi' vanish. Due to the equations 



this is equivalent to the equations 



n n 

We shall apply the implicit function theorem and conclude that the space of perturbations 
At/, which admit perturbations of ip and with compact support are submanifolds. Since 
the question is local, we may chose the domain 0! to be the unit disk D. Indeed, appropriate 
small neighbourhoods of any point are Mobius transforms of D. On D we introduce the 
Banach spaces L q (D, (1 — \z\ 2 )~ s d 2 x, HI) of quaternionic valued I 9 -functions with respect to 
the measure (1 — \z\ 2 ) s d 2 x on the unit disk DcC with < s < 1. 

As a preparation we claim that the kernel of ( ^ ~¥ J considered as a closed subspace of 
LP (D, (1 — \z\ 2 )~ s d 2 x, H) is contained in |~| L q (V>,M). For the proof we apply the quater- 

nionic version of Cauchy's Integral Formula 12.11 Due to Lemma (2.31 it suffices to show that 
the integral along the boundary of D over the integral kernel of lp(0) defines a bounded 
operator from IP (D, (1 - \z\ 2 y s d 2 x, H), into L^(D,H). Due to Young's inequality jK-S-l II 
Section IX.4 Example 1] the convolution with the function — defines an operator from the IP- 
functions on the circle \z'\ = r' into the I 9 -functions on the circle \z\ — r with < r < r' < 1, 
which is bounded by 




with 1 < p < q < oo. Due to |Ru| 1.4. 10. Proposition] this norm is bounded by C 1 — % 
The norm of the restriction of this function to r G [0, ro] C [0, 1] in the I^-space on r e [0, 1] 



with respect to the measure rdr is bounded by C \r' — r 



C > and C" > 0. If p' denotes the dual exponent of p with - + ^ 



v +C" with appropriate constants 
1, then, due to Holder's 
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inequality |R-S~H Theorem III. 1 (c)], we obtain for all f E IP [ [0, 1] 



r'dr' 
], (i_ r /2) 6 



1 - r 



z i 

/(r') |r' — r | r'cir' < 



1 - r 



1 - r'T |r' - r | 



LP'([r ,l],r'dr') 



< 



C([0,1],(^) 



£ i 2_ 2 

O (1 — r ) p 9 p 



With 1 < g < ^ this expression remains bounded in the limit ro — > 1. Consequently, for 
1 < <Z < ^ the natural inclusion of the kernel of ( ^ in ZP (D, (1 — \z\ 2 )~ s d 2 x, H), into 
IP (D, H) is bounded. 

Let ^ belong to the kernel of ( ® "g 17 ) without zeros on an open neighbourhood O C C of 
the closed unit disk D with a small U E Z?(0). In a second step we claim that for 2 < q < oo 



and < s < 2— j- the subset of all AU in the Banach space L q (D, (1 



\2\-sJ2 



d x), such that 



o V^iau\ . , 2 

J^* = 



vanishes for all 6 in the kernel of 



T - T a . T - T u+ ^ u ) is a Banach submanifold. In fact, due to 

-U—AU o J ' 

the implicit function theorem |R-S-1| Theorem S.ll] we have to show that for small AU these 
kernels considered as subspaces of the dual Banach spaces of AU E L q (D, (1 - 
with respect to the pairing 



\2\-sj2 



d 2 x) 



Af/) 



^TAU 



are isomorphic. Since ip 1 belongs to f] 17(0, 

r<oo 



kernels are contained in f] IP 



-sj2 



9-1 



these kernels are contained in 



n 



ip 



, 2q 
P<(,-l)(2- S ) 



f| IP (1 — \z\ 2 )~ s d 2 x, H) these 

r<oo 

The foregoing claim implies that 

Ac/ ) maps 



The operator 1 + \n(U) ( ^ 



these kernels onto the kernel of ( ^ u d ) . If q and s satisfies — 
1 — -, then the operator \n(U) ( ^ ~q U ) is a bounded operator from Q 



g 2 ^ 6 



1 



IP (D, H) into 



2g 



( 9 -l)(2-s) 



1 — |^| 2 ) s <i 2 x, H). Hence for < s < ^| these kernels are isomorphic. 



Obviously, the same statement holds, if ip is replaced by a spinor without zeroes in 
the kernel of ( _^ u a ) and by spinors in the kernel of ( U P^ JJ ~ U ~ AU ) . Moreover, due to 
the considerations of section |2l the intersection of theses two subspaces of the dual of the 
Banach space AU E L q (D, (1 — \z\ 2 )~ s d 2 x) is equal to the linear hull of = and ip = ip. If 
ip is a spinor in the kernel of ( ^ ~F ) and a spinor in the kernel of ( _^ u d ) without zeroes 
on f2, then the subspace of all AU E IP (D, (1 — |2;| 2 )~ s (i 2 x), which admit variations with 
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compact support of ip and 0, are Banach submanifolds. Furthermore the tangent space of 
this manifold is the orthogonal complement of these kernels with respect to the corresponding 
pairings. This implies the statement of the Lemma on the complement of the zeroes of if) 
and 0. Since a L 2 -functions, which vanishes on this complement, vanishes on the whole of 
Q, the Lemma is proven. q.e.d. 

For all m G N and 1 < p < 2 the operator 1^(0) is a bounded operator from W rn ~ 1 ' p (Q, H) 
onto W m ' p (Q, ET) (compare [HB Chapter V]). Therefore the kernels of (u~q) belongs to 
H W£?($l,W), if the potential U belongs to f| W^ ( T 1 ' P ({1, H). Therefore Lemma IO 

q<oo q<oo 

implies that local minimizers of the classes (ii)-(iii) belong to f] W^ P (Q). With the 

nEN,g<oo 

help of the reality condition for immersion into the pure imaginary quaternions ~ M 3 these 
arguments carry over to case (i). q.e.d. 

We do not claim that the minimizers are realized by immersions. They may have branch 
points. In general they may be compositions of a finite-sheeted branched covering together 
with an immersion. Finally, we remark that the existence of minimizers was proven by Simon 
|Si~H ISi-2j on the class of all smooth immersion from a compact orientable surface of genus 
one into the Euclidean spaces M™ {n > 3). Furthermore, Bauer and Kuwert |B-K| extended 



these arguments to the classes of all smooth immersions from compact orientable surfaces 
into the Euclidean spaces IR n (n > 3). It might be possible to deduce these results for n = 3 
and n = 4 from our results. In fact, since the stereographic projections of the minimal 



surfaces in S constructed by Lawson ILawj have Willmore functionals less than 8tt (compare 



|Si~H ISi-2] ). it would suffices to prove that at the boundary of the moduli spaces Ai g , which 
contains stable curves with ordinary double points, the Willmore functional is at least equal 
to 87r. This would follow from |L-Yj , if the corresponding conformal mappings preserve these 
double points. Moreover, with the help of [K-Fj our results might be generalized to conformal 
mappings into higher-dimensional Euclidean spaces. 



References 

[Ad] R. A. Adams: Sobolev spaces. Pure and Applied Mathematics 65. Academic Press, 
New York (1975). 

[Au] T. Aubin: Some nonlinear problems in Riemannian geometry. Springer Monographs 
in Mathematics. Springer, Berlin, Heidelberg (1998). 

[Bat] A Erdelyi (ed.), W. Magnus, F. Oberhettinger, F. G. Tricome: Bateman Manuscript 
Project, Higher Transzendental Functions Volume II. McGraw-Hill Book Company, 
Inc., New York (1953). 

[B-K] M. Bauer, E. Kuwert: Existence of minimizing Willmore surfaces of prescribed 
genus. International Mathematics Research Notices 10, 553-576 (2003). 



REFERENCES 



41 



[B-S] C. Bennett, R. Sharpley: Interpolation of operators. Pure and Applied Mathematics 
129. Academic Press, Orlando (1988). 

[B-F-L-P-P] F. Burstall, D. Ferus K. Leschke, F. Pedit, U. Pinkall: Conformal geometry 
of surfaces in S 4 and quaternions. Lecture Notes in Mathematics 1772. Springer, 
Berlin, New York (2002). 

[Ca] T. Carleman: Sur un probleme d'unicite pour les sytemes d'equations aux derivees 
partielles a doux variables independantes. Ark. Mat. Astron. Fys. B 26 No. 17, 1-9 
(1939). 

[Cha] I. Chavel: Eigenvalues in riemannian geometry. Pure and Applied Mathematics 115. 
Academic Press, Orlando (1984). 

[Da] E. B. Davies: Heat kernels and spectral theory. Cambridge Tracts in Mathematics 
92, Cambridge University Press, Cambridge (1989). 

[Ei] L. P. Eisenhart: A treatise on the differential geometry of curves and surfaces. Ginn 
and Company, Boston, (1909). 

[F-K] H. M. Farkas, I. Kra: Riemann surfaces. Graduate Texts in Mathematics 71. 
Springer, New York (1980). 

[F-L-P-P] D. Ferus, K. Leschke, F. Pedit, U. Pinkall: Quaternionic holomorphic geometry: 
Pliicker formula, Dirac eigenvalue estimates and energy estimates of harmonic 2-tori. 
Invent. Math. 146, 507-593 (2001). 

[Fo] O. Forster: Lectures on Riemann surfaces. Graduate Texts in Mathematics 81. 
Springer, New York (1981). 

[Fr-1] T. Friedrich: Dirac-Operatoren in der Riemannschen Geomtrie. Vieweg Verlag, 
Braunschweig (1997). engl. transl.: T. Friedrich: Dirac operators in Riemannian 
geometry. Graduate Studies in Mathematics 25, American Mathematical Society, 
Providence, Rhode Island (2000). 

[Fr-2] T. Friedrich: On the spinor representation of surfaces in Euclidean 3-space. J. Geom. 
Phys. 28, 143-157 (1998). 

[G-J] J. Glimm, A. Jaffe: Quantum physics. Springer, New York 1987. 

[Gu-Ro] R. C. Gunning, H. Rossi: Analytic functions of several complex variables. Prentice- 
Hall, Inc., Englewood Cliffs (1965). 

[He] S. Helgason: Differential geometry, Lie groups and symmetric spaces. Academic 
Press, New York (1978). 



[Je] D. Jerison: Carleman inequalities for the Dirac and Laplace operators and unique 
continuation. Advances in Math 62, 118-134 (1986). 



42 



REFERENCES 



[Ki-1] Y. M. Kim: Unique continuation theorem for the Dirac operator and the Laplace 
operator. MIT Thesis, (1989). 

[Ki-2] Y. M. Kim: Carleman inequalities for the Dirac operator and strong unique contin- 
uation. Proceedings of the AMS 123, 2103-2111 (1995). 

[Kon] B. G. Konopelchenko: Induced surfaces and their integrable dynamics. Studies in 
Applied Mathematics 96, 9-51 (1996). 

[K-F] B. G. Konopelchenko, G. Landolfi: Generalized Weierstrass representation for sur- 
faces in multi-dimensional Riemann spaces. J. Geom. Phys. 29, 319-333 (1999). 

[Law] H. B. Lawson: Complete minimal surfaces in S 3 . Ann. of Math. 92, 335-374 (1970). 

[L-Y] P. Li, S. T. Yau: A new conformal invariant and its applications to the Willmore 
conjecture and the first eigenvalue of compact surfaces. Invent. Math. 69, 269-291 
(1982). 

[L-T] J. Lindenstrauss, L. Tzafiri: Classical Banach spaces. Lecture Notes in Mathematics 
338. Springer, Berlin (1973). 

[Ma] N. Mandache: Some remarks concerning unique continuation for the Dirac operator. 
Letters Math. Phys. 31, 85-92 (1994). 

[Na] R. Narasimhan: Compact Riemann surfaces. Lectures in Mathematics, ETH Zurich. 
Birkhauser, Basel (1992). 

[O] R. O'Neil: Convolution operators and L(p, q) spaces. Duke Math. J. 30, 129-142 
(1963). 

[P-P] F. Pedit, U. Pinkall: Quaternionic analysis on Riemann surfaces and differential 
geometry. Doc. Math. J. DMV, Extra Volume ICM 1998, Vol. II, 389-400 (1999). 

[R-S-I] M. Reed, B. Simon: Methods of modern mathematical physics vol. I: Functional 
analysis. Academic Press, Inc., London (1980). 

[R-S-II] M. Reed, B. Simon: Methods of modern mathematical physics vol. II: Fourier Anal- 
ysis, Self-Adjointness. Academic Press, Inc., London (1975). 

[Ro] H. L. Royden: Real analysis. 3 rd edition. Prentice-Hall, Inc., Englewood Cliffs 
(1988). 

[Ru] W. Rudin: Function theory in the unit ball of C n . Grundlehren der mathematischen 
Wissenschaften 241. Springer, New York (1980) 

[Sch-1] M. U. Schmidt: Integrable systems and Riemann surfaces of infinite genus. Memoirs 
of the American Math. Soc. 581 (1996). 



REFERENCES 



43 



[Sch-2] M. U. Schmidt: A proof of the Willmore conjecture. |math.DG/ 0203224 

[Si-1] L. Simon: Existence of Willmore surfaces. Miniconference, Canberra on geometry 
and partial differential equations. Proc. Cent. Math. Anal., Australian National 
University 10, 187-216 (1986). 

[Si-2] L. Simon: Existence of surfaces minimizing the Willmore functional. Commun. in 
Anal, and Geom. 1, 281-326 (1993). 

[So] C. D. Sogge: Fourier integrals in classical analysis. Cambridge tracts in mathematics 
105. Cambridge University Press, Cambridge (1993). 

[St] E. M. Stein: Singular integrals and differentiability properties of functions. Princeton 
Mathematical Series 30. Princeton University Press, Princeton (1970). 

[S-W] E. M. Stein, G. Weiss: Introduction to Fourier analysis on Euclidean spaces. Prince- 
ton Mathematical Series 32. Princeton University Press, Princeton 1971. 

[Ta-1] I. A. Taimanov: Modified Novikov-Veselov equation and differential geometry of 
surfaces. Am. Math. Soc. Transl. 179, 133-151 (1997). 

[Ta-2] I. A. Taimanov: The WeiestraB representation of closed surfaces in M 3 . Funct. Anal. 
Appl. 32, 258-267 (1998). and differential geometry of surfaces. Am. Math. Soc. 
Transl. 179, 133-151 (1997). 

[Wo] T. H. Wolff: Recent work on sharp estimates in second-order elliptic unique contin- 
uation problems. Journal of Geometric Analysis 3, 621-650 (1993). 

[Zi] W. P. Ziemer: Weakly different iable functions. Graduate Texts in Mathematics 120. 
Springer, New York (1989). 



